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Introduction 

These notes are based on a seminar held in Cambridge 1 960-61 . 
In writing up, it has seemed desirable to elaborate the foundations 
considerably beyond the point from which the lectures started, and 
the notes have expanded accordingly; this is only the firBt set. 
It is divided into three parts: 0, on analytical foundations, I, on 
geometrical foundations, and II, on theorems of transversality and 
general position. (No index is included since numeration and pagina- 
tion are by chapters). We hope to have given a thorough treatment of 
the basic theorems of use in investigating smooth manifolds; the only 
others to my knowledge are a paper by J. Cerf (Bull. Soc. Math, 
France 89, pp..227-380 ^961)) and a forthcoming book by S. Lang (on 
unbounded manifolds only). It is intended that subsequent parts of 
these notes shall be as follows: imbeddings and immersions, cobordism 
theory, the h-cobordism theorem, and surgery; however, this is 
somewhat optimistic. 

It is perhaps appropriate to comment here on a few points which 
were only noticed when the notes were typed out. Part 0, 1+.2 (the 
Implicit Function Theorem) is not needed; a proof can be given as in 
1.2.2. Proofs of 0, U.1 and 0, k.k can be found in any good book 
on analysis. The proof of I, k.5 is cooked: I should have extended 
the method of proof of I, U.2. The proofs in I , 5 of uniqueness of 
tubular nbds can be used to give a local piecing together, and hence 
prove existence also: this avoids the difficulties in I, 6.2, and is 
the method adopted by Cerf and Lang. I have used a more direct 
geometrical construction by preference; the other method is, however, 
stronger, and removes the restriction to compact submanif olds , thus 
answering, for example, the problem of I, 7.1. By an oversight, the 
existence part of the proof of I, 6.U was omitted - it is very Bimple, 
the reader will easily supply it for himself. 
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I am indebted to all the Cambridge topology research students 
of last year for participating in the seminar; in particular to 
P, Baxandall for taking notes on the first 6 seminars, and to Steve 
Gersten for doing the rest, and for considerable assistance in 
writing up. 



NOTATIONS, etc. 

We assume known a certain amount of analysis, and a few terms 
and results from analytical topology - for example, "ribd" means 
neighbourhood, denotes a metric, and a paracompact space is 

defined by the property that any open covering admits a locally 
finite refinement. The word "smooth" is always used to mean 
"infinitely diff erentiable" , i.e. C 

We use (i\ to denote the real numbers, |R for the vector 
space of H-tuples, with its usual metric and topological structure, 
fR + , JR + for the subsets with the first, or first two termB 
nonnegative. For X £ \\\ is the root square sum of the terms, 
and U fx,r}=r fV: / /-X / < r* \ . Gr L (|R) is the group of non- 
singular linear transformations of /R r " , with subgroups QlL. ^ (JRj 
(with positive determinant), the orthogonal group (preserving 
the metric )x| ), and SQ^ > their intersection. The interval X 
is the subset 0( X ( 1 of iR , and 1)^ ,5 U ' are the subsets 

| x / 4i , U = 1 of fR\ 

We denote set membership by £ , and set inclusion by C 
The restriction of a map -JL to a subset X of the domain is 
Composition of maps is (usually) denoted by a circle, as -£ ^ > an<a 
is written in the illogical order. The image of a map is I'^J^ 
If X^y are sets, * x V is the set of pairs [fc/^): ^£^,^^9}. 
and <^ (x) is the diagonal subset of X x X , with pairs : ^ 

Finally, the conclusion of a proof is signalled by: ^> 
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PART 

Chapter 1 Definitions 

V) 

D1 A smooth m-manifold H is a paracompact Hausdorff space with 

a family -f- ~ "Tr* °^ continuous real-valued functions defined on 
and satisfying the following conditions ; 

i) $ is local. If f : fR is such that each point of /M 
has a nbd in which - agrees with a function of /f , then 4- % 

ii) ,j is differentially closed. If £ ( , . .. ,1 , £. J , 
and f" is a smooth function on !K , then I" f j, •. ' • * ' | k "} £ """]- 

iii) (' v, ' f it) is locally Euclidean. For each point J""' £ ( v \ , 
there are * r i functions j f , . 1 j such that (y -) ( f ' ? (Q ^ ..,| |T . (Q 
gives a homeomorphism of a nbd '[j of P onto an open subset V 

of IN"'. Every function jit coincides on IA with ^ -f, ' ' " j- ' ri ) , 
where /" is a smooth function on ^ . 

We call functions { I 4 smooth functions on / i , and the 
mapping defined in iii) (or, "by abuse of language, the set !( ) a 
co-ordinate neighbourhood , or O.N , of ; . It follows from ii) 
that sums, products, and constant multiples of smooth functions 
are also smooth. 

The first tool we need, to wo^k with the above definition, is 
a bump function. Define first a function x |- on by; 
( - IV'X ] )j if $ X <: 

~ ^ otherwise. 
Then "4'' is smooth, nonnegative, and differs from zero whenO<X< 1. 
D2 The bump function Q^|..x}is now given by 

Since \ J { y -j is smooth, so is cj^^ty Also, 
b ; c('x) O if :>c £ O 

o < e P r.c)< 1 if o<x<i i 

'6p ( -x. ) r > if or; - ( 

These -are the essential properties of the bump function; any other 
function with them would serve the same purpose. We now have 
Prop 1.1. Let <p''U-;-V be a C.N. of r I .'1 , and let h be a smooth 
function on V . Then there is a function -j- £ , f , agreeing 
with in a nbd of f-' , and zero outside Li . 
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Proof Withoul; loss of generality, let Q- Since V is a nbd 

of O , we can find * >0 with "ij (0,3»-)c V- Def ine J (x.) ^(z- 
then 0( x )~ 1 for I x j <. , (xjrQ for ho,'£2f- , and is 
a smooth function on t\' , hence also on Y , since t3p is smooth, 
and |x/ is smooth except at Q . Then F(j) is also smooth on V, 
and F(-x-)J(^Oif |x.j % 2t- • We define a function j on by: 
f C°) sf$ f (0 if P i 

~ O otherwise. 
Then, by condition ii), f t J- , and j- agrees with r o i n 

This proposition enables us to observe that the above 
definiti-on of smooth manifold coincides with the definition 
in terms of an open covering {l/^ j of M , each \J{^ provided with 

a homeomorphism (j^ onto an open subset of 'K 1 , such that in the 

intersection {{ >'\ U ; , we have a smooth change of co-ordinates. 

p 

Indeed, the only real difference between this definition and \) 1 
is that requires to be defined by functions which extend to 
smooth functions on the whole of '^l . But since the proof of 
Prop 1 is equally valid for the other definition, we see that any 
locally smooth functions, provided we allow their range to be 
slightly restricted, extend s oothly to all of . 

We now give some simple examples of smooth manifolds. 

0. The empty set is a smooth m-manifold (the definition is 
vacuously satisfied). 

1. with smooth functions taken in the ordinary sense, is a 
smooth m-manifold. Condition i) is trivial, ii) follows 
from the rule for differentiating a function of a function, 
and for iii), since the co-ordinate functions are smooth, 

we take the identity map. 

2. The discrete union of an arbitrary set of smooth m-manifolds 
is another. Define a function to be smooth if the induced 
function on each summand is so; the conditions are then all 
trivial. 

3. Let ' ! be a smooth m-manifold, O an open subset of ' v *» . 
Write C."^.,, for the restrictions to of functions of J ; , A ; 
""j-o for the localisation of £ n , i.e., the set of functions 



locally agreeing" with a function of D . Then it is clear, 
since O is open in M , that (0 ( ^ >) satisfies conditions 
i), iii) i(p.f^\ satisfies them and also condition ii). So 
in this way, the structure of smooth m-manifold on 
naturally induces such a structure on . We call 
an open submanifold of M . 
4. Let l v | rr ', V' "be smooth manifolds. Then the topological 

product N* =J v ! n 'A V "' has a natural structure of smooth 
manifold. For let H, ," ; denote projections on the factors. 
Then for j: fc'J M , 3, I Jf v , we define j\ ( |T , c^ 7f ^ to 
belong to any smooth functions of a finite set of these; 

and any function locally agreeing with one of these functions. 
This definition ensures that conditions i) and ii) are 
satisfied. But so is iii), for it now follows that if 
(D :U. -> j^^.tp- ' U„ are C.N.s in M and V , 

then ip a .1!, * V z /£ + can he taken as a C.N. in M * V . 
D3 Let M' v \ V v be smooth manifolds. A mapping Cp : M -* V 

is called smooth if for each j- i o CpJ?/^. 

Note that in view of condition iii) this is equivalent to 
the requirement that each transformation of co-ordinates induced 
by CD between C.N.s in l x A and in V be smooth in the usual 
sense. However, the above definition is much more convenient. 
Prop 1.2 If (p M ~) M and <^ ;v( _>. jv) are smooth, then so is 

For if |C '^'f^ ^ X , and so {a^o(f ( i J ( $ 
Prop 1.3 If is an open submanifold of i v 'l , \ ' Q M is smooth. 

Por if j- * , j o 1 2 C ^ . 

These two propositions merely assert the consistency of our 

definitions. To conclude this chapter, we define the equivalence 

relation which classifies manifolds. 

D4- A (1-1) correspondence 4^. / v /'~; \/"' between two smooth 

_1 

manifolds is a dif f eo morphism if both (.J and are smooth. 
M r " and V are called dif f eomorphic. 



Thus a dif f eomorphism defines a (1-1 ) correspoi. 
the two manifolds, under which smooth functions corresp 
Differential geometry and topology each consist of the stu y 
(from different points of view) of those properties of smooth 
manifolds which are invariant under dif f eomorphisms . 



Chapter 2. 



Analytic Topology 



We collect in this chapter, for purposes of reference, most of 
the results from analytic topology of which we will later make use. 
The reader desiring continuity should read up to Prop 2.5 and then 
go on to Chapter 3» referring back later when necessary. We 
first elucidate the condition of paracompactness in D1 . 

Theorem 2.1 We can find a set of C.N.s <fa : 9 li (O f for M^such 
that i) The sets (D (X I (b # \)) cover f"1 . ii) Each P L M has 

a nbd in l v l which meets only a finite number of sets i.e., 
the V ^ are locally finite. Moreover, the covering by the W ^ 
may be chosen to refine any given covering of M, . 

Proof First take any set of C.N.s U^Op -4 jR lT ' for M , such that 

the Ojg cover ^ and refine the given covering. Since f*\ is 
paracompact, there is a locally finite refinement fWp}of f^} , 
still covering M . If we now prove the result for Wis , the 
union of all such C.N.s for the various VJp satisfies the same 
conditions. But V jQ defines a dif f eomorphism of on an open 
submanifold of iR** 1 . So we can suppose that M is an open sub- 
manifold of fR' 1 * . 

For each positive integer t , take all the open sets U V^) 
which are contained in /"^ (actually, since we use Prop 1 to say 
that a C.N. in above is also one in above, say: whose 
closures are contained in ), and such that IX has integral 
co-ordinates. Suppose Y £ ■ A^ ; then some U (v, ^ ) <- A1 . Choose 
t > • Then some X with l-X integral is within a distance 

y,7./i of y , and 'U^x V^/t)c if (v, V/^ /t ) C U{y,&) C H . 
Thus the corresponding sets 'U (x, ) cover f**\ . Delete 

any of these which is contained in another. Then the remaining 
ones still cover i v S . We say also, that the corresponding 
U "'/"0 are locally finite. Now Y has a neighbourhood 
of the form t{ (pt /'VOv chose $ such that M (x. 2 S) C U (x > ^'/t). 
Then if j >3/7~ / £ , and U ^^/j) Qeets ^ ( y > ^) i1; is 
contained in \,\ (y 2. S) » and so in it was one 

of the nbds which we discarded. Thus \\ Y t S ) only meets sets 
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, and hence only a finite number of 
such sets. jj. 
Corollary 2.1.1. Let f- be a continuous positive function on fA . 

Then we can find a smooth function ^ , with <^ ^, (p) <^ (P^ 
for all P£ M. 

Proof With the notation of the Theorem, choose 3 > O less than 

the infimum of j- on the compact set (H( ,^-)) • Set 
3% (0 ^ t f (2.-lx.\) if p £ 'J^ , % (P) = x 
~ ^ otherwise; 
as in the proof of Prop 1.1, (F) is smooth. The functions 
have the properties: i) For each /°£. /' v l , there is an j< , with 
^.^(P)- 1 • ii) Each r' in has a nbd on which all but a 
finite number of functions f$ ^ vanish. These, in fact, translate 
properties i), ii) of the Theorea. By ii), the function 
£.v j 1 y './') = X C' 5 ) can be defined, and is everywhere smooth °, 
we set - (P)/£ (P) • Again using ii), we can 

define 

#(P}= 1^ ^ *>{^ (p) ; 
since £ . V 'P'j ~ ^ , this is a weighted mean of numbers ^ all 
less than X- (P) , hence also is, and it is positive, as all & y 1 O 
and so is some ^ (P) . ^ 
Complement 2.1.2. We can find a countable set of pairs of disjoint 
co-ordinate discs 

(U < K 

) such that the i ! jt VL cover all of 
JM. x / v \ except the diagonal (points (0C ) x ) . 
Proof As above, we easily reduce this to a problem in Euclidean 

space, and there the disjoint pairs of U (x / lu \\ ), (where IX has 
integer co-ordinates) will clearly do what we want. ^ 
D5 A set of nonnegative smooth functions -j/^ on f^l is called 

a partition of unity if the sets \{ ^ - £ P- (P^) > } form a 
locally finite covering of , and £ *^ f'p) ~ •} 

The functions '4"^ above had this property, and, in addition, 
that the closures of the U^were compact. 

Our next investigation of smooth manifolds concerns 
connectedness. 



D6 A smooth nap : ^- M is called a path in W . Two points 

p Q in H are called connected in M if there is a path in ^\ 
whose image contains P and Q . 

Lemma 2.2 Connectedness in f\ is an equivalence relation. 

Proof By definition, the relation is symmetric. It is reflexive, 

since a constant nap is a path. To prove transitivity, let p 
"be paths with images containing (P<?) (Q ^R^, and suppose without 
loss of generality o < (-l)-p j<x (o) = Q i ^(o)^Q , and (3 (l ) s fi . 
Let (p'lf-}V "be a C.N. of such that V is convex. Since 

is continuous, for soae £ >0 and < 1 ♦ 1 1 1 < £ ^ ©< (t S J £ \\ 
Similarly for (5 ; let's suppose that £ will do for "both. 
Now define by ^ (4) - ^ (^ t < - £ 

= ('-A^(t) + X/3(t) 

where the linear combination is taken in V, and X is a smoothing 
function which is C near t - - £ and | near t = £ » e.g. 

Bp (H- >J 

then ^ is clearly smooth, and its image contains P and R . 2 
Lemma 2.3 Each equivalence class is open in 

Proof If <p t| V is a C.N. of P such that V is convex, 

every point of 1/1 can "be joined to P using the path corresponding 
to the straight line in V (suitably parametrised). ^ 

Corollary 2.3.1. Each equivalence class is closed in M, for it is the 

complement of the union of the other equivalence classes. ^ 

Lemma 2.4 A subset of P"l is open and closed if and only if it is a 
union of equivalence classes. 

Proof Sufficiency follows by Lemma 2.3 and Corollary. For 

necessity, observe that since R id connected, any path which 
meets an open and closed subset is contained in it, so such a 
subset is saturated for the equivalence relation. % 

D7 The equivalence classes are called the components of M . 

A\ is connected if it only has one component. 

Lemma 2.4 shows that this is taking components in their 
usual sense. Comparing with D6 , we note that for smooth manifolds, 



oonne-ction and connection by smooth . paths aro equivalent. A 
component of M , being open, is an open subtnanif old; and fA 
is the discrete union of all its components. Thus to study 
up to diff eomorphism, it suffices to take the components 
separately; we shall frequently do this. 
Prop 2.5 A connected smooth manifold ™ has a countable base of open 
sets. 

Proof Since r\ has a countable base, it is sufficient to show 

that the set of nbds occurring in Theorem 2.1 is countable. 

is connected, there is a path joining any two points, 

so between any two nbds (D^ 0) there is a finite chain of 

such nbds, each overlapping the next. Now the sets t/^ are 

locally finite: each point has a nbd meeting only a finite number, 

so each compact set meets only a finite number. Thus each 
— 1 — - "J 

{\A (0 ( 1^)) and so each <jQ^ (U (o t f) meets only a finite number 

of others. By induction, the number of sets 1>| (o l) joined to a 
given one by a chain of length at most K, is finite; hence their 
total number is at most countably infinite. 

„ . _ _ is second countable if and only 

if the set of its components is finite or enumerable. % 
Lemma 2.6 Let Y be a metric space, X a closed subset. For any 
open nbd \A of X in y , there is a positive continuous 
function $ on X such that X £ X > ( x . y) C j- (x) ^ ( XL 
Proof Define -f(x) c J (xV-U): clearly !j (x) (x')l < J (x , X. ') , so 

^ is continuous: it is nonzero and satisfies the condition. 
Corollary 2.6.1. If X is a compact subset of the metric space V , 

any open nbd 1i of X in V contains an £- nbd for some £ > O » 
Proof Take £ = inf J , where is given by the lemma. $ 

Corollary 2.6.2. If X is a metric space, \\ a neighbourhood of the 

diagonal A in X * X > "there is a positive continuous function 
j- on X such that ^ (x, *j) < £ ^) £ 1-1 ■ 

Proof Take V Xx\ and ^ a product metric in the lemma, and set 

Jl (*■) - (*> x ) • Since J (*• ^) = J, fr*' x ), C x . jf)) the result follows . 



Corollary 2.6.3. If X is compact metric, K a neighbourhood of A (a) 

in X x X , then for some £ > O , ^ (x., ^) < C ^ (x,y) £ U . 
Proof Take £ = inf J. ( , where is given by Cor 2.6.2. S 

Lemma 2.7 If ){ is a compact subset of the metric space Y , and t| 

an open nbd of X x X in V x v / , then for some £>0, if V is 

the £-nbd of X in y , U contains 
Proof Take { (Vx y Vx V - It) » which exists since Y* Y 

is normal, X*X coapact. Then if <g (V , X )< we naVe 

in y x y- u. $ 

Corollary 2.7.1 • Let X "b e a compact subspace of the metric space Y , 
: y — ^ Z locally hoaeomorphic , and |-|X • Then X has a 

nbd U in y such that J' / U. is a homeomorphism. 

Proof Letb= %,,'^)-. V,*^.f^=-/(j^}^ V xV • * 

hypothesis, D is disjoint from Xx X (since / X is (l — 1)). Now 
the closure- 5 is contained in the closed subset defined by 
J- t) - (y z) ' 30 is contained in T) u A(v). But by hypothesis, 

Jl is a local homeomorphism, so each point has a neighbour- 

hood disjoint from D . Thus t> is disjoint from A^y)> so 

1} is closed. Now apply Lemma 2.7, taking \{. = N /xY~J) * ^ e 
find V , so that V*V does not meet • Hence j.|V lS 
so is a hoaeomorphism. ^ 
Lemma 2.8. Let V be locally compact, N Hausdorff. Then a proper 
onto its image (1 -1) map j- : V l\i is a homeomorphism onto 
its image. 

Proof Let M ~£ (v) . Since -|- is proper onto M it extends 

to a continuous map of the one-point compactif ications 

Ji is a 1-1 map of a compact set, so a homeomorphism. Hence 
£ is a homeomorphism. <jj^ 
Complement 2.8.1. If V N is proper, then IM is closed in N . 

For then define £ > W (\j o ^ , a homeomorphism into, with 

compact image. Since rl t's^is closed in N oc^, so is in ft/ . 



Theorem 2.9° (Baire's Theorem) Let M be a complete metric space. 

The intersection of a countable family of dense open subsets of 
is dense. 

Proof Let the given subsets be and let V be any nonempty open 

set. Then ^ "U, is nonempty and open, and so contains a spherical 
nbd 1{( X )) C | ). Next, tl 2 ^ll^fc^is nonempty and open, so contains 
a 1A( , £^ . We can thus construct a decreasing sequence of 
nbds 1A , i^) and clearly t ; Q . Then is a Cauchy 

sequence, so has a limit point Xj which lies in each 1A, (j^^ , £- ^) 
(since the later X^' do) and so in each Vt ^ and in V. <JT 
Complement 2.9.1. If W is open in tA , the theorem holds for 
Proof We construct the nbds as above. The limit point X exists 

in PA, (which is complete) , and hence by the argument above 
also in W . ^ 



3.1 

Chapter 3 Tangent Vectors 

Throughout this chapter, M will he a smooth manifold. 
D8a A tangent vector at P £ /' v 1 is a derivation on f to fR . 

More precisely, it is a mapping^: ^ /R which satisfies 

u) If f , ,^ t 7, xCf.JJ * X (f,)h (P) +f,{P) A . 

We shall discuss the structure of the set of all tangent vectors 
to ^ . Note that sums and real multiples of tangent vectors 
at P are also tangent vectors at P , thus these form a vector 
space . 

D8b The tangent space to M at P is the vector space formed 

"by all tangent vectors to M at P . 

Let ty\ U V he a C.N. of P , and suppose without loss of 

i 

generality <p/P) = q. Let >\.".,X he co-ordinates in (R M . Then 
for each X £. ^ , we have I -£ c ' CD > a smooth function on V , so 
there are partial derivatives d^j- = j o • We assert that is 
a tangent vector at P ■ °. condition i) is clear, and ii) follows 
by the rule for differentiating a product. We shall prove that 
these form a basis for ; first, however, we need a lemma. 
Lemma 3.1 Let ^- he a smooth function on an open convex subset V of 
containing O > and let (o^r q , Then there exist further 
smooth functions ^ t (l ~ I < m) on V such that -£ (%) = Z ^i^i (*) 
Moreover, if is a smooth function of additional parameters (Xj , 
we may suppose that the f - also are 

Proof fCHM-JM - J H^clt 

! itW= V ^ (u)dt' 5 ^ he iast part also 



Hence we can take 



follows. ° ^ <J 

Theorem 3.2. The tangent vectors d| ,• • • j ^ form a basis for M^o • 
Proof We first remark that a tangent vector is essentially local 

in nature: if ^ - ^ i n a ntd ^ °f /° > and \ is a tangent 
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vector at f~* , then X ~^(^) - For "by Prop 1.1, we can find 
a function (f) on M , equal to 1 in a nbd of • , and zero 
outside IA . Then^-- <^ , and so = (j-^)(^ ~ ^ • Tnus 

Hs) - > ( }) ^ Q- : }) = * (f ( 1 - § (p) > ^ (f ( p ) - ^ 

- o. 

Hence it is sufficient to consider only functions defined and 
smooth in \J[ , where <p : U. ->V is a C.N. of P with V convex; 
it will be simpler to speak directly of functions on V . 

For any smooth function f on V , "by Lemma 3.1 , we can put 

For any tangent vector \ at P , then, 

- I (o) X (1) + I > ■ (a ^ f - (o> £ x ■ (o) X (f 0- 

But >(l)= U2\(l],and so = O • Thus 

In particular c*| (f) ,- J Jj = f i (°)- So 

and as this is true for all , "X - £> (^) J T . Hence the <\- 

span /Mp • Since di(^=- ^ i|. ' " thev are linearly independent. 
Hence they form a basis. ^ 

We shall usually, by abuse of notation, write ^) . for d~ 
Now let £p:M -> V be a smooth mapping, and let ^(P) — ^ ■ 

The differential of (p at P , J <^.' V lp V<^ is d efined 

Since ^ are smooth, so is |. Cp > so the right hand side is 
defined. Then cLcp (Vjis a derivation since X is. Clearly, 
d <p is a linear mapping of jvy to . 

If-^S ^ , ^'M^—^lR is a smooth mapping, so that if |- (p)= 
we have dj- '.fA^ -3> iR^. However, we may identify each iR^with /R 
itself in a natural manner; if -X is the parameter on <P , 
identify the vector R with the number Jt-k • By change of 
parameter ^ )<l, we have the same identification. [^Similarly, 
we identify tangent spaces to fP^ with ^ * itself Thus for 
j'lW., ^ t ,v l we have ci-pHp iR . Since djl is linear, 
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it is an element of the dual vector space, to . Now, 

if % t " *>» are local co-ordinates at P , we have 

so the dx- form the basis of M* dual to the basis -^w. of 



This concludes the discussion of tangent vectors at a single 
point. We now wish to assemble together all tangent vectors: for 
this we need the idea of a fibre bundle. We refer the reader to 
Steenrod's book "Fibre Bundles" for a fuller description; we shall 
recapitulate some definitions here for the sake of continuity of 
argument. 

D10 A map H :T— ^> M is the projection of an 1^-vector bundle 

if M can be covered by open sets 1A. such that 

i) There are homeomorphisms : Vl^ -K R A 77 (^^) such that 

ii) For each pair (a< ft) there is a continuous map 

such that for nv <£ H » U 3 X £ (ft A 

<fl»_K*)-<p^,^(«h).X) 

A map^/'l-^ / is called a cross-section if ti o "X. ■ == " 1 • Tne 
bundle is smooth if the maps^^ are smooth (jf-L^ C^) is an °P en 
submanifold of In this case I admits a natural structure 

as smooth (' l > + *v) -manifold, such that the maps (p are dif f eomorphisms 
on open submanifolds . For if we use these to define C.N.s, then 
we have dif f erentiable transformations of co-ordinates on the 
intersections . 

For a general fibre bundle , ^- f1 Gfc) is replaced by a general 
topological group Cx (we shall only make use of Lie groups) and 
/R^ by a general topological space h (the fibre ) on which Qc 
operates. The structure of the bundle is determined by the maps 
"g^fS 5 "bundles with the same but different fibres are 

called associated . If the Q all have images in a subgroup 

r ' r r ' 

^ of L* , we say that the group of the bundle reduces to Ut • 

Write T(V|) » U ■ ?t M ) ; the set of all tangent 
vectors to M . Define "IT. Tfa) M "by "» />) ~ ^° • 
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Let ; "U^ — ^ be a set of local co-ordinate- systems , with 

the 11 ^ covering M , and for PlK^ V L fR define (p^ (P > 
as the tangent vector at determined "by ^ V\ ^^Xi • Then 

U.^ xlR m — (l^is a (l - f) mapping for each o< . On 
'U^n!.!^, denoting the two systems of co-ordinates "by X °^ X ft ? 
we have, "by the usual transformation rule 

so we define , ty^ A V{^->Q-LJiR) tv 

Then^^^g is a smooth mapping, and satisfies the condition above. 
To conclude that we have a vector "bundle, it remains only to 
topologise ~/T(m). But since the mapsC^^ are smooth, we may as 
a"bove take the (p^ (or rather their inverses) as C.N.s, and thus 
define on TF^M^ the structure of smooth manifold, which in partic- 
ular gives it a topology, with the homeomorphisms . 
D11 ~Jf^M)±a the tangent bundle to M . Write lj (m) for the 
zero cross-section, i.e. the set of zero tangent vectors. In 
general, a smooth cross-section of IP ^A^j is called a vector field 
on j^l . Any "bundle associated to 1T(m} via a linear representa- 
tion of Qt, (fj^is called a tensor "bundle (and points of it are 
tensors, whose type is determined "by the representation). The 
"bundle given "by the adjoint representation is the "bundle of 
differential 1 -forms on M ; its fibre over is the dual 
/ space Mp to The "bundle whose fibre over P is the set 
of all positive definite quadratic forms on is called the 
Riemann "bundle , and any cross-section of it a Riemannian structure 
on M. . 

For further discussion of such "bundles, we refer the reader 
to Nomizu's "book 'Lie Groups and Differential Geometry'. The 
above contains more than we shall need. We now prove the 
fundamental 

Theorem 3.3 Every smooth manifold I I has a Riemannian structure. 

Proof Let ^ : T/t^-^lA^O 3) be the C.N.s constructed in Theorem 2.1 
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and let \j.< "be the partition of unity constructed in the Corollary. 
Now VL^O, 3^) has the standard Euclidean Riemannian structure; £^ d.X-^" 
We write c/-5 ^ - £ jr^ ^l(c! -XL \° ^ As usual, since the are 
locally finite, the sum is defined. Since a linear combination 
of positive definite quadratic forms is again positive definite, 

is everywhere positive definite. Thus it defines a 
Eiemannian structure on tl fV, « ^ 

Now suppose a Riemannian structure chosen on M fn . This 
induces an inner product on each f'-'lp, which we use to introduce 
notions of length of a tangent vector, etc. We can modify the 
maps <^ : \Lj < x ^ ~^ TT (\i^)so as to preserve the inner product 
on the fibres; simply apply the G-ram-Schmidt orthogonalisation 
process. In fact, consider (p as a map Cp : 1^ rt1 — ^ f^™ depending 
on certain parameters. We modify <p by putting 

where the 7- * J with £ £ i. are chosen to make the ^rthogonal , 

and "X 'tA /*0 so as to make the '^'(d^) unit vectors. Then the XtJ are 
also smooth functions of the parameters. 

Thus if a Riemannian structure is chosen on M^, we can 
always consider orthonormal bases in the fibres, so the group then 
reduces to the orthogonal group 0(>^). The converses that a 
reduction to orresponds to a Riemannian structure, follows 

by reversing the argument. We observe that the choice of an inner 
product on f^o allows us to identify with Hp . For a 
Riemannian manifold, we shall usually do this. 

is called o rientable if the group of the tangent bundle 
is reducible to oriented if the group is so reduced. 

Since the co-ordinate transformations were given by the matrices 
^^/^x^^ the condition is that all the Jacobian determinants 
are positive. The bundle associated to the tangent bundle with 
f ibre &L [r ^^) / (r^-~^ (^-"Z^ is a double covering of M , called 
the orientation covering . Its projection on M , together with 
C.N.s of A1 » can be taken as C.N.s, so the orientation covering 
is a smooth manifold. By the definition, all the Jacobians 
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occurring here are positive, so this manifold is orientable. 
If is nonorientable, we can find a closed chain of C.N.s, 
each overlapping the next, such that the number of negative 
Jacobians is odd. 

If has a Riemannian structure, the same considerations 
of orientation apply, replacing Q- [_ (fR ) CL ^ OR)^ O m . 'SOm' 



Chapter 4 



Analysis 



In this chapter, we list a number of standard results from 
analysis which we shall need later. Since a number of the proofs 
are long, we shall omit them, and give references for the less 
accessible results. 

4.1 Inverse Function Theorem. 

Let i .... f be smooth functions defined in a nbd of O £ IR 
and suppose j Q at O . Then in some nbd \X o^.0^ i ... ^ 

define a diff eomorphism of \\ on an open subset of \f\ . 

Corollary 4.1.1. Let N\ be a smooth manifold; ^■- i ,'"-j fn smooth 

functions on Kl , Pi M. The may be taken as co-ordinate 
functions for a C.N. of P if and only if the ^ form a basis 
for M*p. 

Let <p:U — > )R ft be a C.N. of 1° . Then the 9 are 
smooth functions on a nbd of Cp^°) £ |K ? by the theorem, they 



Proof 



define a diff eomorphism of some such nbd if and only if the 
Jacobian 



0£ !R^ S 



^iillS—^Q atcj?^. But the elements of this 
matrix are just the coefficients in the d of basis elements 
dxj of M*. £ 
.2 Implicit Function Theorem. 

Let > > J- r be smooth functions defined in a nbd of 
and suppose the determinant formed by their partial 
derivatives with respect to • . -, X. is nonzero at O • Then 

there are r* smooth functions^ ^ defined in a nbd of 

O £ lR S such that within some nbd of OgfR^"*"^ , a point satisfies 
-j^(P) = (lii^r) if and only if it satisfies ^ * J i (* t » " , i 3C ^ 

,3 Whitney's Extension Theorem 

Let J^. be a smooth function defined on the open set O 
of /R 1 ^ , and suppose that and all its partial derivatives 
extend to continuous functions on IR + . Then there is a smooth 
function <| on $\ which agrees with -£ in its range of definition. 

Whitney's proof, which establishes results of much greater 
generality, can be found e.g. in his paper: Analytic extensions 



of dif f erentiable functions defined on closed sets, in the Trans. 
Amer. Math. Soc. 36 (1934) pp. 63-89- 

We next consider Picard's existence theorem for differential 
equations. It is convenient to use the following terms. Let VL 
toe an open subset of a compact subset of 

Existence Theorem for Ordinary Differential Equations 4.4 
Given a system of equations dj< ~ qp^X^ 

where Cp is a smooth function on K. to IR , then for some £ ^> O 
there exists a unique smooth function X ~ £ ■ a , ^r") on K x £ 
"to H. (where E is the sets j t j < 6, ) satisfying the equation, 
and such that X Q ~ c j (/,. O) . 

We shall use this to develop the connection between vector 
fields on a smooth manifold M and 1 -parameter groups of diffeo- 
morphisms of M . 
D13 A family (<p : t € iR- } of mappings of M into itself is 

called a 1 -parameter gro u p of dif f eomorphisms of W if 

i) The mapping 0> : M x )R ^ M x /R defined by ^(^M,*) 
is a dif f eomorphism 

ii) For all S, It R, % * <p 5+t . 

We observe that the first condition implies that each Cp is 
in fact a dif f eomorphism. Now suppose f(jf)^ does satisfy these 
conditions. Then we define a vector field X, on as follows. 
For £ £ df<vj ?£ M , we set 

It is clear that is a tangent vector to M at P . The fact 
that varies smoothly with P , so that X is a vector field, 
now follows from i). 

Our present aim is to obtain a partial converse to this 
result . 

Theorem 4.5 Let H be a smooth manifold, % a vector field on 

an open set in M with compact closure K . Then we can find 
£ > , and for each I with \\. | < £ , a map Cp of U in H , 
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such that 

i) The map Cp.'t'lx E -> M x IR (defined as above) is a dif f eomorphism 
onto an open submanif old. 

ii) If Js| , |t| f and | S-/- 1 1 are less than £, ; P and Cp t (p)are 
in u , then 

<p s cp t (P)» ?Sft( p )- 

iii) For each P £ Ujt ^M, X p ([) = ^ £(? t (P)) I fc _ Q . 

The map Cp is uniquely determined by these conditions. 
Proof Cover K by a finite number of compact sets K ^ , each 

contained in the interior of V^, , where : \Z K — > t/t^ ^ a C * N * 
We shall now interpret our conditions in • First, however, 

note that if -f i % f t J(<ft - £f (f S+l - 0*»l t . Q 

Now in tt^ write X ~ 2- « ( ^- ^Sxi > and consider the system 



dt 

We shall apply 4.4, taking 11^ f or VL , andH^) for K . 
Since X i s smooth, the ^ are smooth, and the result does apply: 
we find £ ^ , and a smooth function X - ^ s t) f or £ k , | h| < £ ^ ( 

uniquely determined by the equation. We write Cp (X^ ) = ^ b") 

or rather define Cp^_ in M by this relation in • If 
£— min £ ^ > is n0W de:E ' ine(i on " fche required range: the fact 
that the functions defined by different C.N.s agree on the inter- 
section follows by the uniqueness, and the fact that the equations 
solved are simply derived from each other by change of variables. 

We note that the functions c f ) s . 4 _ t; (0 ~i> <J (^ ,S-+- t) 
satisfy the same equation, with initial value ^(^ 0) ^)« By 
the uniqueness, J (x , 5 + 1)- £ 6j (*o ■ , U. t (0* <p fc <P S (x.) 

in the common range of definition. Thus CjJ ^_ is an inverse of ^ , 
so each £p£ is a dif f eomorphism (over a smaller set than K , 
initially - but we could have enlarged K in the first place), 
and since is smooth, it too is a dif f eomorphism. 3£> 
Corollary 4.5.1 If M is compact, each vector field generates a 

^-parameter group of diff eomorphisms of M . 



Proof We can now take — 1/1 = M in the theorem, and find 

E M * R . But the definition of <^> can be extended 

over the whole of u\ using the functional equation 

since this is satisfied in | b | <C £ . 

In general, a vector field on M is called complete if it 

generates a 1 -parameter group of dif f eomorphisms of ^ . 
Corollary 4.5.2. If X is complete, and y agrees with X outside 

a compact subset of , then Y is also complete. 

Proof Outside a neighbourhood of such a subset, Cp can be defined 

for \tj<(<£ , by hypothesis, since it can for X • Bu/t such a 

neighbourhood is compact, so inside it £p can also be defined for 

|t|< £ , by the Theorem. The conclusion follows as for the first 

Corollary. 

We observe that in (R the constant vector field /^)^ is 
complete; indeed, we then have <p ^C*) ~ t 4 X . More 
generally, in the product M x t 'jhe field which we may call 
^^L- which maps to zero on the first factor and to the standard 
field on the second is also complete; here we have 

<p t (*. S)- (*,5+t). 

These results are our first justification of the use of the 
term tangent in tangent vectors, since we now see that such vectors 
correspond to displacement along the manifold. 



1.1 

PART I 

Chapter 1 G-eodesics 

In this chapter, we shall suppose that M'^ has a fixed 
Riemannian structure a£ , expressed in local co-ordinates by 
c/-3 z — otac-^^' , where is a positive definite quadratic 
form. Letp-^ tA he a path (smooth map). We define the 
length and energy of p "between two of its points "by 

where ( ^Jt^ ~ $ L j > ' the derivatives "being 

taken along the path. We define a distance function on M "by 
j(Pj Q) = UJ- t(p) : ^ a /OafcjoiAi.'.^ P to Q, 

Thus ^(PQ^) is defined if and only if P Q are in the same 
component of M ; in fact we suppose H connected for the 
remainder of this chapter. We note that at a point, "by changing 
co-ordinates, we can diagonalise Cl± Cljc i , and it 

is then clear that at this point, and so in a nbd, its ratio to 
the Euclidean metric is "bounded above and below by positive 
numbers. Hence the metric induces the given topology on 
we call it the Riemannian metric . 
D15 A geodesic is a smooth path jo ° %{ —. > M ( 1j| open in 

giving an extremal value to the energy between any two of its 
points . 

By Schwarz' inequality „ 

with equality if and only if is constant, so that the curve 

is parametrised proportionately to arc length. If it is not, 
we clearly do not have an extremal value , as a first order change 
in parametrisation, making it more even, will give a first order 
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decrease in E . Since any curve can "be parametrised "by arc length, 
the geodesic gives an extremal value also to the length of the path. 
Prop. 1.1. In local co-ordinates, geodesies are defined by the equations 

clt z Jk dt~ ol(? 
Proof Euler's equation for the variational problem is 



t 1 



i.e, 



^4)X L = %t (^4^0 , where ^ - 

If ^ "J is the inverse to ^ ^ , multiply by <^ ^ and reduce; 



The coefficient of the last term is usually abbreviated to I : ^ >J> 
Theorem 1.2 Let (PU— >t( be a C.N. in M , K <v compact subset. Then 
there exists £, > O such that for ? L k ,V~£Mp , and |v°|^ £ , 
there is a unique geodesic p(V) with p ^O^ = P, «EtP^ ^..q 5 * 
this is defined f or | \ | < 2- » stays in M , and depends smoothly 
on p ( V ( t . 

Proof We shall apply the Existence theorem for Differential 

Equations (4.4 of Part 0). Consider the system 



where corresponds to the 1A of that theorem, 

and X £ K \ y | ^ to its K . Then for some C )> O » we 

find a unique solution X = J-(^o,X> , t ^ , depending smoothly on 

all its arguments, and lying in (A • Lifting to V by <T , 

this gives a geodesic in M . To deduce the theorem, we need 

4.' 1. s 

only change parameter by t s c t ; this has the effect of 
multiplying the initial Jt 1°^^ ^y ^ e inverse factor, and so 
altering the condition | ~J j ^ 2. to jvj ^ £, . 

Remark that the condition V =l ^- p/t) I means that 



O 



1.1.3. 

for j-C^, ^(f) = P I • w e shall refer to V as 

the direction of jo at P . 
P16 Let P<£M , Y £ H/o , and suppose that the geodesic with 

direction V at P can be defined for | t \ < *\ . Then e*f> V>) 
is the point at % — 1 on the geodesic. £XyQ is called the exponential 
map . We also write . 

Note that the local existence and uniqueness of geodesies of 
Theorem 1.2 does not imply global existence, but does imply 
uniqueness in the whole range of existence (by applying the result 
to a sequence of points along the geodesic) given the initial point 
and direction. 

Corollary 1.2.1. e^p : '• V -> M x M are smooth maps defined 

on a nbd V ofT (M") in J (m) . 

For by Theorem 1.2, each point of T (^) has a nbd on which 
they are defined. 

Prop 1.3 The Jacobian determinant of Gx/ 3 is nonzero onlT^^M^ . 

Proof For p£ M , let ^'.tl-^R be a C.N. , and choose X 1t • • • , *^ 

as co-ordinates in M ,cJk 1 > • • 'i^X^ as co-ordinates in the 

fibres Mp; write the latter as , , and write co-ordinates 

in Mk^\ as X f , . . . , X m ( Z 1 ; .. , , Z m . Then we have Exp (xy)^(x i Z) ) 

so it remains to compute the partial derivatives of the at O . 

Now is the point at t= 1 on the solution of the equation 
dz 

— "Y with initial condition Z — X,Y— *\J o at the 

point % on the solution with initial condition 2-X ( Y=' V /^= V. 
Hence "2 = X + it. V + smaller terms (when t is small, V fixed), and 
so to find i , set fyX'^Su ' then 

This proves the result: for later reference note also 

Corollary 1.3.1 yhas a ntd V inTT(W) on which Ex^> is defined, 

and is a local dif f eomorphism. 
Corollary 1.3.2 If M is compact, IT^C^) has a nbd V in on which 

Exp is defined, and is a dif f eomorphism. 



Proof 1.3.1 follows from the Proposition and the Inverse Function 

Theorem (4.1 of Part 0). 1.3.2. follows from 1.3.1, using 
Corollary 2.7.1 of Part 0. 

However, the result of the last corollary can also be obtained, 
in a stronger form, without the assumption of compactness. 

Theorem 1.4 There is a nbd W of in MxMsuch that if W, 

there is a unique geodesic from X to ^ of length ( ^ ' ^ \ 
Hence Exp defines a dif f eomorphism of Exp (w^onto IV . 

Proof For ft M , by Corollary 1.3-1, let 'U be a nbd of P 

such that £xp defines a dif f eomorphism of KxlA on a nbd of*lT^(u)|. 
and let Cp : \,{ [R be a C.N. of P . Then if 1A 1 is a sufficiently 
small nbd of P , each pair of points in \\ 1 is joined by a unique 
geodesic lying in M. , and each geodesic going outside Xi is longer. 
We say it is obvious that this geodesic gives a minimum length for 
curves in J \X. joining the two points, by comparison with the 
Euclidean problem (in the technical language of Calculus of Variations, 
since the metric is positive definite, the problem is regular, and 
we have constructed a semi -field of extremals, passing though a 
point and covering a nbd). Hence it gives the global minimum, 
which we defined as the distance ^ > ("*"' 1 ^ > ) • Thus Exp is a 
dif f eomorphism on we take Ifsl as the union of such nbds. to 

We recall that a metric space is complete if each fundamental 
sequence of points converges to a limit point, or equivalently , if 
each bounded closed subset is compact. With this concept, we can 
give the global forms of the above theorems. 

Theorem 1.5 tA is complete if and only if geodesies may be indefinitely 
produced, i.e. if exp and Exp are definable Any two 

points in a complete manifold may be joined by geodesies: the 
length of at least one such is the distance between them. 

Proof Suppose first TA complete, and |° (^) a geodesic which 

exits only for t <. fa . Then its points form a fundamental 
sequence; since \A is complete, these have a limit point P 
But by Theorem 1.2, P has a compact nbd K such that any geodesic 
within may be produced a distance <£ . This give a contradiction. 



Now suppose exp globally definable, but that there are pairs of 
points (f } not joined by a geodesic of length J (^(j^). Let V be 
the greatest lower bound of the distances of such points from P 
(by Theorem 1.4,T->0), let K| = ("^ £• | v | ^ } and let 

/< = £x/0 ) , Then H t is compact, hence so is K f by definition 
of T' , K contains all points at distance less than ^ from P . 
Choose 2-^- <C ^ aB the number £ in Corollary 1 ♦ and choose Q. 
such that J Q^) -J£< Y"4-£» but P and Q. are not joined by a geodesic 
of length ^(PGL). Now let p x be a smooth path from P to Q. of 
length at most , and let be the point on it at distance 

V"— £ from P . The R^ lie in the compact set K ; let $ be a 
cluster point. Then 

so by the triangle inequality we have ^P R) * r ~ £ j(^>^)~'o ~ " 
By the definitions of 1^ , £ ; P can be joined to R, by a geodesic 
of length f-- £ ; to ^ by one of length r -> v -f- £ . If these met 

at an angle at <2j^ , by cutting a corner, we could find a shorter path; 
a contradiction. Hence they have the same direction at Q_ , so by the 
uniqueness theorem form part of the same geodesic. Thus P is joined 
to Q by a geodesic of length <^ (P Q^): a contradiction. 

Finally, suppose exp Then a bounded set lies within 

a finite distance from P , bo is contained in the image of a closed 
and bounded, hence compact, subset of M p . But the image of this set 
is also compact, so the result follows. ^ 
Theorem 1 ,6. Any connected manifold has a Riemannian metric in which it 
is complete 

Proof. We make a slight refinement of the proof of Theorem 3.3 in 

Part 0, asserting the existence of Riemannian structures. Let 
tfx ; -^^(OjS^be the C.N.s constructed in Theorem 2.1, Part 0, 
and define <]} £ by 

= o lf Pfj; 1^. 

Then write =Z^ 0< /. ^.dx.^) ^ • As in the earlier proof, we 

see that this iE a metric. In <p " 1 ^11^0 ( | , it dominates the 
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-V.- 



Euclidean metric, so the set of points at distance 

is a closed subset of Cf> (0 ) 2^)*) , so is compact. As in Theorem 

1 . 5 j it follows that all geodesies from a point of 6^ (Oy '^)) , and 
hence from any point of M , may be produced a distance at least 3. 
Thus they can all be produced indefinitely. 



1.2.1 . 

Chapter 2 Submanif olds an d Tubula r Nbds 

D 17 A subset M^'of a smooth manifold is a submanifold (of 

dimension 1Yl , codimension Vv-Tn.) if for each point ? £ M , there is 
a C.N. <p : U->fR H of P in W such that 1/1 A M = ^ ~ 1 ( /R W ). 

Note that by Part 0, Corollary 2+.1 .1 . this is equivalent to the 
requirement that in a nbd of each point of is defined by the 

vanishing of ( u - functions with linearly independent differentials. 
For in the case above, W\ is defined by the vanishing of the last 
^W-W)c oordinate functions; while by that corollary, any set of 
functions with linearly independent differentials can be taken as 
functions of a C.N. If is a closed subset of /V we call it a 
closed submanifold. 



With this definition. M has a natural structure of smooth 



'VH- manifold , given by the restrictions to M of the functions of y^/ ; 
the existence of C.N.s for follows immediately from the definition. 
We call this the induced structure on M . 

D 18 A mapj^' V -4 A/ between two smooth manifolds will be called 

an imbedding if j(v)is a submanifold M of M , and induces a 
diffeomorphism of V on M . where has the induced structure. 

Lemma 2.1 If a smooth map ^ ' ^^~~^>M ^ is an imbedding then for each 
QiV , if ^((3^ = ^,°^ ■VQ.^^haB rankV. 

Proof We know |- is an imbedding. Choose a C.N. at P as above, 

and let X, ^<y v be the co-ordinate functions on fsl . By definition 
of the induced structure , ^ ° ,'"» ^ define a C.N. of in V 

say ^ x rX^oj_ . But then c/_£ ^^X-.a^ so ^ haB rank V * 

at Q, • 4 

D.19 A map 4-:V -^IN between two smooth manifolds is called an 

immersion if J- is smooth, and for all Q £ V , writing j- = P 
thend^'V(^-4 /\)p has rank V. 

Thus Lemma 2.1 states that an imbedding is always an immersion. 
The converse is of course false (the 'figure of 8 1 curve in the plane 
shows that), but we can prove a partial converse, which is the first 
step in constructing imbeddings - one of our main objects. 



Lemma 2.2 An immersion is an imbedding if and only if it is a homeomorphiem 
into. 

V" / W 

Proof Let be an immersion which is a home omorph ism onto 

its image M . Let Q£L \l ) £ (g^- P , and choose a C.N.Cf: U fR^of P 
in /V such that oljL (d ^ , • • ■ > <j ^o) 2 form a basis for - this is 
possible since is an immersion. Writelj^ : then since 

C^,> •"*> C ^V- form a basis for by Part 0, Corollary U.1 .1 , ^ t) ■■ *^ ^ 
may be taken as co-ordinates in a nbd of . Since the other ^ ^ are 
smooth functions, by the definition of smooth manifold we can write 

in a nbd of Q in \/ . Since .Jl is a homeomorphism into, we have 
x x — ^ a( X ' ^ x ' ' > in a nbd of P in M . Thus is locally 

defined by the vanishing of the 1\rV smooth functions 

which clearly have linearly independent differentials. So I'M is a 
submanifold, and it is now clear that -jr defines a dif f eomorphiem of 
V on M . fj£ 
Corollary 2.2.1 An immersion of a compact manifold is an imbedding if and 
only if it is (l — . 

For a continuous map of a compact space is a homeomorphism. 

Corollary. 2. 2. 2 An immersion is an imbedding if and only if it is ^1-^ 

and a proper map onto its image. 

For an imbedding is clearly ^| -l") and proper onto its image, and 

if ^ is ^-i) and proper onto its image, then by Part 0, Lemma 2.8 

it is a homeomorphiBm into, and by the Lemma, it is then an imbedding. 1 ^? 
Corollary 2.2.3 An immersion is an imbedding as a closed submanifold if 

and only if it isM-yand proper. 

We now return to our consideration of a submanifold / l of a 

manifold the inclusion \ • induces 

d-t ' ^f> t^f> of rank TH , hence the adjoint map cL^l 

also has rank TM. , and its kernel has rank (yv - h^. 
D 20 The kernel of <Li \ t^* —}^j> is called the normal space to 

in N at P . The union of the normal spaces is the normal bundle 

IN (%) of M in H . 



tne nores over eacn point. 

is the Whitney sum of 



We must check that the normal bundle is indeed a vector bundle 
over M . Let <p : K R be a C.N. of P in hi with 
then in we may takec/X. j ">• U?c as a basis for the normal 

space. These give the local product maps Cj^, required of a fibre 
bundle; as with the tancrent bundle, the mapsQ „ come from Jacobians 

<r'*p 

on change of co-ordinates. 

We usually suppose a Riemannian structure chosen on N , which 
also induces one on The distinction between and disappears , 

and in this case we can regard INI^//^") as a sub-bundle of the res- 
triction We refer the reader again to 
Steenrod for definitions concerning bundles: the Whitney sum of two 
vector hundles over M may be roughly described by taking the direct 
sum of the fibres over each point. 
Prop. 2.3 

Proof Since all the above bundles are defined, and the latter two are 

sub-bundlee of the first, it is sufficient to verify that at each point 
the fibre of the first is the direct sum of the latter two. Since we 
have a positive definite inner product, it will be sufficient to verify 
that the fibre \/ p of N-^/rj) over P is the orthogonal complement 

of the fibre Hp f T(w) in the fibre Hp of T(n) , or, that it is the 

annihilator of lAp in N * . But since q!^ is adjoint to o/^ , the 
kernel of c/^ is certainly the annihilator of the image of . ^ 
We now apply the results of Chapter 1 . 

Prop. 2.k The Jacobian of exp: fNl -> H on~f|^ is nonzero. 

Proof Let , and let Cj> : U -> |R ^ be a C.N. of P in l\l such 

thatU*M = £f ( j ^ rYl )' Then if X, r- 1 ,^^ are co-ordinates in fR , 
We can take as local co-ordinates in Ihtl^N/^ ^ i ■> ' ' ) (co-ordinates 
in ) and ^ > ■ •-> (co-ordinates in the fibre) where =c^pc- 

Now refer back to Prop 1.2, where we showed that if exP fX \A =. 7 

then ^- „ - — Otf so that with respect to our co-ordinates, the 

Jacobian matrix is the unit matrix, so its determinant is nonzero. 

Corollary 2.U.1 JHi^/f^) —t> is a local dif f eomorphism atjjf^j. 

Proof This follows from the Inverse Function Theorem (Part 0, U.1) q|> 
Corollary 2.U.2 If li is compact,ir o (M) has a nbd in on which exp 

is a diffeomorphism to a nbd of M in N . 
Proof Use the above corollary and Part 0, Corollary 2.7.1. 

In fact, we can both ctrengthen the last corollary, and remove 
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the assumption of compactness, so will now do so. 

Theorem 2.5 has a nbd 1A. in hi such that each point P of 1A. is 

joined to M by a unique geodesic of length m) ; this meets M 

orthogonally. Thus cx^ defines a dif f eomorphism of H on a nbd 
0fT o (M) ^ N\(N/m). 

Proof LetQ£.M , and let be nbds of (j£ as in the proof of 

Theorem any two points in / U are joined by a unique geodesic of 

minimal length, and this lies in / U >0 . We may clearly also suppose 
that any path joining a point of XX, to a point outside U„ is longer 
than the diameter of 1A j (simply take | smaller). Then for 
the closest point to P in M lies inV^ 

(such a point exists by 

local compactness of , if we assume, say, U. compact - the mini- 



2. 



o 

mising point cannot lie outside ^ ). if u, stands in the relation 



toll t that U, does to V> r , then for J£ U , the closest point to 
i | o ^ 

M li es m is joined to P by a unique shortest 

geodesic, lying in \\ . This, then, is the shortest curve joining P 

o 

to a point of ; we say it meets orthogonally. For if not, by 
a small modification near where it meet s n , we could make it shorter 
(take a path orthogonal to , and smooth off the corner). If we take 
u as the union of the sets IA , the first part of the theorem is 
proved. Taking £*|° to be defined by the shortest geodesic, this, with 
Corollary 2.I+.1 , proves the second part. ^ 
With this preparation, we are ready for the main results of this 
chapter, which give a preliminary description of the way in which a 
submanifold lies in a manifold by describing the structure of a nbd 
of the submanifold. With the extra precision which will be given in 
Chapter !+, this constitutes one of our main tools for getting at the 
structure of manifolds. 

N ^ is still a manifold, with a Riemannian structure. f*1 ^ is 
a submanifold, with normal bundle - this has group Q^-^ - 

Let us write S for the associated disc bundle: precisely, & 
consists of vectors of of at most unit length. 

D 21 A tubular nbd of M in N is an imbedding ~\jf \ 6> N 

(as submanifold with boundary, see D 21+ for exact definition): 
extending the dif f eomorphism induced by projection. 
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As with C.N.S; the actual ribd ^ (S^) is the mere geometrical 
concept, but the mapping is more convenient to work with. The 
above definition appears to involve the Riemannian structure; however, 
if we extend it by le tting 6 be any (ft- ~ ft^j-disc bundle over M „ we 
shall see ir. Chapter h that this gives no extra generality; in fact we 
prove there a theorem of uniqueness for tubular nbds. Here, we only 
obtain existence. 
Theorem 2.6 There exists a tubular nbd of M in hi . 

Proof Let be a nbd o mapped diff eomorphically 

by exp: it a existence is guaranteed by Theorem 2.U. Using Part 0, 
Le~nia 2»G, let ^- be & positive continuous function on such that 
vectors in^j^p , of length less thanjly) , are contained in 
By Part 0, Corollary 2.1.1 , we can find a positive smooth function 

J. onM such that 0< ^(p) C £ ( P) for all P C M . We 
now define a dif feomorphism °^ . For each f £ M , ^ } Bet 

Multiplication by a (j^J in the fibre is possible since Q ((*) =fc Q , and 
n have | „/ 4 | 4 I J <V) V U £ <;f (P)="> ( P J V> H $ 
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C hapter 3 Bou n daries 

We now extend the notion of manifolds by considering manifolds 
with boundary. In the sequel these will play as much part as mani- 
folds; we have merely deferred the definition till this point to help 
concentrate ideas. 

D 22 N is a Emooth manifold with boundary (or bounded manifold) if 

it satisfies all the defining conditions of a smooth manifold, with the 
exception that we allow C.N.s to map onto open sets in (as well 

as {R ' V ) . 

The images of points onX^-O are called bou n dary points of ^ ; 
it is clear that this property is preserved on change of C.N. Their 
union is the boundary of N , which we always denote by H . We 
write N = N - N , the 'interior' of N . By defining this as 
an open submanifold, it may be considered as a manifold. 

There are various corresponding extensions of the notion of 
submanifold . 

D 23 A subset of a manifold with boundary N is a submanifold 

if it satisfies the same conditions as when is not bounded, except 

that the C.N. CD may map M t. R orlR^ , and if 

ThuE in a nbd of a point of M , the pair(W> M) is locally 

Geometrically, we can say that 

meets ^ ^ transversely (for precise definition of this, see Part II). 

has an induced structure of manifold with boundary, just as 

above, and we observe that ~& M — M a ~c) N , In a particular case, 

is empty, and M disjoint f rom <^ N ; but then M, is a sub- 
o 

manifold of Tf . 

D 2k If h/^is a manifold (without boundary), we define M to be 

a submanifold with boundary of N , if i x » satisfies the defining 
conditions for a submanifold, weakened to allow 1iaM=r^ ( _|_ ^ 
as an alternative possibility to 



In this case, in a nbd of a point of fM , the pair t M) 
is locally like (fc ) ^ or (/R^ Again, M has the induced 

structure of manifold with boundary. 



I,3."2 

To the new kinds of eubmanif old o or respond new kinds of imbedding-. 
No changes need to be made in D 18; to distinguish cases we speak of 
imbedding V as a submanifold, or, as a submanifold with boundary. 

We have still not defined sufficiently many types of manifold, 
and must next diecuss corners. For example, the unit interval I is 
a manifold with boundary, but the product J* X is a square, so has 
corners, and is a new kind of object. 
D 25 N is a smooth manifold with corner if it satisfies the 

defining conditions of a smooth manifold, except that C.N.s may map 
into open sets in any of ^ , and /R • 

Points corresponding to ■= O (in the second case) or to 
•XjX^^O (in the third) form the boundary ^ (k} ; topologically (as 
opposed to differentiably) , l>l is a manifold with boundary, and 
the boundary. Points corresponding to X^^t O (in the third 
case) form the corner , A N > which is a smooth manifold of dimension 

n.- Z . 

Now if M i)^?. are manifolds with boundary, products of C.N.s 
of j give C.N.s in M^x W which (up to a permutation of co- 

ordinates) are appropriate for a manifold M with corner. We observe 
that ^XMjr^XM^ and/X^^M^^MjX^^. 
In this, as most other important cases ; AN separates ^ N into two 
parts; of course this is always true locally. 

We only introduce one more kind of submanifold, as we are not 
really interested in corners, except in so far as they occur naturally. 
D 26 is a submanifold with boundary of the manifold with 

boundary N ^ if -M r>^ N = M ^ ^and at each point of M a C.N. may 
be found mapping the pair on an open set in one of 

(ST; OOKJ. 

Such an has an induced structure of manifold with corner, 
and AM separates "hM into two parts, one d'lnN and the closure of 
the other ~$ W N = M n N . We now give generalisations of the 
notion of tubular nbd. 

Let lA be a manifold with boundary, TT *. 8 — > Mthe projection 
of a disc bundle, ^_ the boundary sphere-bundle of & , and 
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It is then clear that 0> has the structure of a 
smooth manifold with corner, and /\S"=21^C separates into two 
parts, with closures ^_ and C. . (if M has no boundary, C is 
empty, and a manifold with boundary: this was already assumed 
in D 21). 

Now suppose a manifold with boundary, a submanifold, 

and & an (^-"fa)- disc bundle over /^l . 
D 27 A tubular nbd of fA In hi is an imbedding ^ • 6-> N as 

submanifold with boundary, extending the dif f eomorphism of the zero 
cross-section on M induced by projection. 

It is easy to see that (cl) =- 2) A^o^ 6\) in this case. 
Of course, such imbeddings may not exist for every diBc-bundle 3 » 
or indeed for any at all: we will Bhow, however, that for some &> 
they do. 

D 28 A tubular nbd of^ in N is an imbedding ^ '^N K 

as submanifold with boundary, extending the projection of ^ hi X O 
on ^ N. 

We define this separately, since we do not call ^ A/ a 
submanifold of hi . This completes our list of definitions; we 
now survey how the results of the two preceding chapters extend to 
boundaries. Let t\l be a smooth manifold with boundary. Then hi 
has a Riemannian metric - the proof is the same as before. The 
discussion of geodesies at non-boundary pointB is also the same as 
before. At boundary points P , we must distinguish between 
inward - and outward-pointing tangent vectors; in terms of a C.N. of 

P , these are vectors £ \i ^ with X| O resp, "X f < O. 
If X, = O , we call the vector tangent to the boundary; indeed, 
if i:°bN-$N is the inclusion map s Buch vectors form the image 
of d\_ , so do come from tangent vectors of ^ hi • It is now clear, 
from the differential equations, that local geodesicB can be con- 
structed for all inward-pointing tangent vectors and for no outward- 
pointing ones. It is not determinate in general what happens to 
those tangent to the boundary; as examples, the reader may consider 
"b and the closure of JR~"])^ S each with the usual metric. The 



results of Chapter 1 , up to and including Prop 1 .3 now follow, in 
suitably modified forms (the remainder are mostly false in general). 
Prop. 3.1 There exists a tubular nbd of in H . 

Proof We can identify with the set of inward-pointing normal 

vectors to ^ fJ , of length at most 1 (including those of zero length), 
for as there is only one normal direction at a point of , a normal 

vector there is determined by its length. The proof of Theorems 2»k 
and 2.5 now carries over to this case. 

This Proposition enables us in most cases, when discussing 
manifolds with boundary, to avoid special difficulties arising at the 
boundary. Our first illustration of this is with geodesies. 

D 29 A Riemannian metric on j\' is a dapted to the boundary if ^> /^/ 

is totally geodesic, i.e. if construction in /\| of geodesies for 
vectors tangent to~^hl is locally possible, and if such geodesies are 
completely contained in 

Lemma 3.2 Let rf be closed, with a Riemannian metric. Then the product 
metric for ^ - -K /R is adapted to the boundary. 

Proof Let^c,,--- , ^ be local co-ordinates in M , and ^ the 

co-ordinate in /R + . Then for the metric ^ ij we have g ^ — <§oj • 
Hence one of the defining equations for geodesies is simply*^ ^J^^=0. 
Thus if initially J3C. = ^^^=0 , we have X =■ O all along the 
geodesic, which thus stays in fv/ - as indeed one would expect. < ^> 

Prop 3.3 Every manifold with boundary has a Riemannian metric adapted 
to the boundary. 

Proof By Prop 3.1 , if N is the manif old , ^ N has a tubular nbd 

^ ■• *2>fJ X I — N . Let <j5 be a metric on N , ^ the 

product of some metric on with the standard metric of X • ^ e 

..a 

define a metric '-r 

■by = J 7 outside the image of 

= J ' 4- ( J ~J> g p (3 t J) at -vf (P, . 

The latter agrees with ^ in a nbd of \ w 1 , so is smooth everywhere 
it is a Riemannian structure, as a positive linear combination of 
positive definite forms is another, and it agrees with ^' near 
t = , so by Lemma 3.2, it is adapted to ^ N . 



Using a metric adapted to the boundary, we could go on to find 
analogues of all the results in Chapter 1 except Theorem 1.5. We are 
more interested in generalising the results of Chapter 2. First note 
that a submanifold M of N meets orthogonally if the normal 
vectors to and at each point of are perpendicular. 

Lemma 3.4 Let be a manifold with boundary, a submanifold. Then 
hi has a Riemannian metric in which Ad meets ^ N orthogonally. 

Proof We construct a metric just as in Part 0, Theorem 3.3; the only 

point to watch is that M meets ^> N orthogonally in each of the 
partial metrics to be fitted together. But since is a submanifold, 
at a point of ^ , there is a co-ordinate map of an open set of (fyM) 
to (l^^., lR ^- ) , and the Euclidean metric will do. Now when we fit 
these together, A*1 continues to meet ~£N orthogonally. $ 

Corollary 3.4.1 Ai has a metric adapted to the boundary in which f*\ 

meets ^ /\! orthogonally. 

Proof We take the metric of Lemma 3.4, and construct a corresponding 

tubular nbd of y in N . Since for a vector at r 

normal to is tangent to M , it is a 'generator' of such a tube. 
Hence using this tubular nbd in Prop. 3«3» continues orthogonal 

to^N in the metric there constructed. 

Theorem 3.5 If n is a manifold with boundary, a submanifold, then 

there exists a tubular nbd of AA in N . 

Proof The arguments of Prop 2.4 and Theorems 2.5 and 2.6 can now 

be carried through in this case: to avoid overloading this chapter, 
we shall leave the details to the reader. 

We shall need one further theorem involving tubular nbds and 
boundaries. We retain the hypotheses of Theorem 3.5. 

Theorem 3.6 There iB a tubular nbd -f : 3 A/x J ~± N of 3 ^ in N 
such that "^|3Mx I is a tubular nbd of ^ in M . 

Proof Let '• 6 — > N be a tubular nbd of A4 in /\l (with notations 

as above). Give A\ a Riemannian structure, and 2> "the product 
structure. As S> is locally a product, we can do this locally, 
and as the group of the bundle S> is the orthogonal group, which 
preserves the standard Riemannian structure in the fibre, these local 
structures agree on their intersections, and define a global structure. 
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Now as in Prop 3.3 , we modify the Eiemannian structure on N 
so as to agree with the above structure on 6 in a nbd of (using 
the bump function to smooth off. Then construct a tubular nbd"^ for 
^ |V as in Prop. 3.1. We assert ^ has the required property; 
indeed, since in a nbd of M the metric is the product constructed 
above, geodesies tangent to are contained in M , as in 
Lemma 3.2. ^> 

Our tubular nbds give a global form to one's vague idea that a 
submanifold is imbedded nicely in a manifold, in that they describe 
the topology of a whole nbd of the submanifold. We wish to obtain 
also uniqueness theorems for tubular nbds; for this we need some 
rather different methods. 



1.4.1 

Chapter k Diffeotopy Extension Theorem 

Let M , |M be smooth manifolds, possibly with boundary. 
D 30 A weak diffeotopy of M in N iB an imbedding (possibly aB 

submanifold with boundary) 

1>. r\ x (R — >w / (R 

which is level-preserving , i.e. we can write 

It follows that each is also an imbedding. 1^. is called 
normalised if = when 4; 4 O » and ^ ^- t when ^ ^ ^» 
and is then also called a weak diffeotopy between A, and . 

o 1 

A diffeotopy of / \ is a diff eomorphism A of N x R which is 
level-preserving, thus in particular it is a weak diffeotopy of N in 

/V . It is called normalised if when 4; ^"O and & — 

when % ^ t . 

The diffeotopy ^ of hi covers the weak diffeotopy 
in N if 

^ W^^ t W for t^R. 

A weak diffeotopy covered by a diffeotopy of hi is called a Btrong 
diffeotopy . 

It is desirable to prove that weak diffeotopies are strong, 
for the following reason. It frequently happens that we are able to 
construct a weak diffeotopy - for example, if v<\, is small compared 
to 1fh (see next part), between two imbeddings. If the diffeotopy 
is strong, there is a dif f eomorphiBm ( ^ ) of N carrying one 
imbedding into the other, so that up to dif f eomorphism the imbeddings 
are the same. The diffeotopy extension theorem asserts that under 
certain conditions, this is possible; it may thus be looked on as 
a uniqueness theorem. As to these conditions, we refer the reader 
to Milnor's notes on Dif f srentiable Structures for spectacular 
counterexamples which occur when they are removed. 

A weak diffeotopy often occurs in the following form: we are 
given a level preserving imbedding 

cannot immediately extend this to a normalised weak diffeotopy in the 
above sense, but if we define H » / V,x -4 Nk (R by 
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H is clearly level-preserving, normalised, and an imbedding. 
Lemma Weak diffeotopy is an equivalence relation. 

Proof The definition f^- = (^o(t) , S ives a weak diffeotopy 

between and itself. If gives one between £ and ^_ , then 
, where gives a weak diffeotopy between 

and . Finally, let , be normalised weak diffeotopiee 

between A. and ix ( and between and "/u^ . Then set 

1(7^) = *' 31: K> if tv<t 

this is a smooth imbedding, since h. and K. are so, and we have 
'K^—'h^j for ^ *S ' 80 *kat the two parts of the definition fit 

smoothly. *^ 

One of our main objectives will be to determine the set of 
equivalence classes; in some simple cases this is accomplished in 
Part III. 

D 31 The support of a diff eomorphism ^ of a smooth manifold N 

is the closure of the set of points l with 

The support of a weak diffeotopy -d of M in N is the . 
closure of the set of points such that k .(>>) 

is not 

independent of \ . 
Theorem h>2 Let M,N be smooth manifolds, perhaps with boundary, and 
let ^ - . x )K ^ /R be a weak diffeotopy of 

Suppose 

. o 
that the support K of "K is compact, and contained in A/ . Then 

there is a diffeotopy ^ of N , whose support is compact and 

N , which covers ; in particular, "Iv is strong. 



o 

contained in 



We shall refer to this as the Diffeotopy Extension Theorem. 

o 

Proof Since K is contained in N , we can ignore the boundary 

of N , and suppose simply that N is a smooth manifold, for if 
the result is proved in this case, the diffeotopy h of M which 
we obtain, having compact support, equals the identity on a nbd of 
and can therefore be extended to the boundary as the 

identity. 

We shall prove the result by applying Part 0, Theorem U.5 
on 1 -parameter groups of diff eomor phi smB. In fact, let be a 
diffeotopy of , with compact support. Then T? defines a 



vector field on H X (R , for if X is the ' 

vector field which projects to on N and to on fR , we 

define an associated vector field X^ to "j^ as ^^(X^*) ; since ^ 

is a diff eomorphism, this is a one-valued vector field on X 1R . 

Since is level-preserving, its projection on the second factor 

is still • Also, as St has compact support, X- =X except 

K O 

at some points of a compact set. 

Conversely, suppose given a vector field X ( — Xi^) with these 
properties, that its projection on IK is , and that it agrees 

with X^ outside a compact set; we assert that ~k, can be recovered. 
In fact, referring to Part 0, Theorem 4.5, note that X Q is complete 
(as remarked after that theorem), hence also X > by Corollary 4.5.2. 
Thus there is a 1 -parameter group ($^) of diff eomorphisms of N X [j^ > 
We set ^KoV^W^^'^.t) 

; that the second com- 
ponent is t follows from our assumption on X . We now say 
that h,' ; this in fact follows from the local uniqueness in 

Part 0, Theorem k,k? for each satisfy 

where the %-i are local co-ordinates in /V , and the the com- 
ponents of X in these co-ordinates. 

We conclude that to construct the diffeotopy, it is sufficient 
to construct the vector field A . By the proof that . we 

see that the necessary and sufficient condition that ^ covers ^v, 
is that on ^(j^x.fi^) f X^^^-C^St") • Thus the problem is reduced 
to the construction of a vector field X ° n 

satisfying 

i) X — X o outside a compact set. 
ii) The projection of X on fR is everywhere • 
iii) On£(N«/R), X = 

It is possible to carry out this construction more or less 
explicitly, using tubular ribds, but to include the case of boundaries, 
we use rather more general method, already used above in proving 
existence of Riemannian structures. First, for convenience, let 
us give IN a Riemannian metric and the product metric. 



Now condition ii) determines the component of X in the direction 
of [P\ (in a fashion compatible with i), iii); we muet find the 
component in the direction of N . We assert that if we can do 
this in a nbd of each point of -&^Mx IJ\) , X can be constructed. 
For such nbds, together with the complement of x , form an 

open covering of /V % . By Theorem 2.1 of Part 0, we can find 
C.N.s ' 'lA^ -> K ^O, 3>) refining this covering, and by the proof 

of its Corollary 2.1.1, a corresponding partition of unity . 
If, then, a function X . can be constructed in each set K. to 
satisfy conditions i) - iii); we can define simply X— y 
which will satisfy all the conditions. 

Now is a submanifold of , hence in a 

nbd of any point of it we can find a C.N. : \L~ ^ "\ with 

say for simplicity that the image of LA is 
V(0, . Thand =Z*i%M i" IR ^ ' : 

we define X by taking the same formula in (R (i.e. by taking 
the Ci- independent of the last ^ ~ V\ co-ordinates) . In the case 



X 

of boundaries, the are only defined on the set in |l\ 

But by Whitney's Extension Theorem (1+.3 of Part 0) , they can be 



extended to smooth functions on , and then extended 

to /IN as above. This completes the proof of the result. -fp 
Corollary U.2.1 If /N is a smooth manifold, a compact submanifold 

(perhaps with boundary), then any weak diffeotopy of the inclusion 
1 : M <C M is strong. 
Corollary U.2.2 If N is a smooth manifold with boundary, any weak 

diffeotopy of a compact Bubmanifold (perhaps with boundary) of [\l 

is covered by a diffeotopy of f4. . 

Proof By the Theorem, it is covered by a diffeotopy of N with 

o 

compact support. Thus has a nbd in |\> left fixed by the 
diffeotopy, which can thus be extended to N 9 defining it to be 
fixed on 

Prop U.3 Any diffeotopy of H is covered by a diffeotopy of H . 

Proof We shall suppose the diffeotopy l\£ of ^ M normalised so 

that ^ * 1 for % ^ ^3 and iL^. — A. ^ fort ^ . Let 
^•.^N / X~> N be a tubular nbd of^l^ in H (such exist by 
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Prop 3*1 ). Then we define a covering diffeotopy by 

■fc t = 1 outside l K ^; ^(P.s)^^!?)^ 
where ^(P)^ f or S Z \ = ft. (/) for 

Thus for S=0 , agrees ■with , and f or S ^ 3^ ^ts^* ^ S ° 

that 7\, is everywhere smooths and does cover 

Theorem U.5 Let [Si be a manifold with boundary, IM a submanifold (perhaps 
with boundary). Any weak diffeotopy of M in with compact support 
is covered by a diffeotopy of hi with compact support. 

Proof First suppose M a submanifold. Let A - M xK N X R be 

the weak diffeotopy. By Theorem 3.6, let ^ ^ X X~>^ * R be 

a tubular nbd of the boundary of Nx/R whose restriction to L 

gives a tubular nbd of the boundary of that. Now by Theorem h.2, the 

weak diffeotopy of can be covered by one of ^ H . By Prop *+.3» 

this is covered by a diffeotopy of /si ; moreover, by the construction 

of this diffeotopy, it covers the diffeotopy of M not only at ^ M , 

but in a nbd, and has compact support. 

This still fails to cover the diffeotopy of F*\ , but only on 

o 

a set of compact support, contained in F<l , and the methods of 
Theorem h.2 now apply to complete the proof. 

If FA is a submanifold with boundary, there is a similar 
proof, using instead Corollary 6.2.1. 

We shall need one or two further kinds of diffeotopy extension, 
when we come to consider corners, but feel that by now proofs may be 
left to the reader. We mention one immediate application of our 
results. 

Prop i+.6 Let IN be a manifold (perhaps with boundary), a compact 

submanifold with boundary. There there is a submanifold tr of fvT 

,.i 1<VV 

containing rt . 

Proof First suppose that N has no boundary. Let <fl ^ F^ x T f*J 

be a tubular nbd of ^ in M . We define a weak diffeotopy of FA 



where Jl is chosen with j-(t,-lA)-U for 1A. > I ~C , (p, U) - U., 
-f > O , f or O < ^ , and "^^ u > everywhere; so that 
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the diffeotopy 'pushes' the boundary a little way into ^ . e.g. we 



can take 



provided , where in this range 

Now f> is weak, so strong ( M being compact), and covered by , 
say, kX^C- ^ , bo we can take 1A. = 14 "V M). 

If /V is bounded, we argue similarly, using that part of the 
boundary of M not contained in H . ^> 

This result has the effect that to describe a nbd of M in U 
we can use tubular nbds of tubes round I \ do not give nbds. 



1.5.2 

D 33 An imbedding £p ^ ~^ f\ as open submanif old, extending the 

projection of £ on fi , is a weak tubular nbd of H in N . 

Lemma £.1 Any tubular nbd ^ S —t> can be extended to a weak tubular 
nbd : E a/. 

Remember that we are assuming that M is compact. 

Proof We define a weak diffeotopy of as follows. Recall that 

over each nbd in is a product of M with a vector space: 

in the sequel, we permit ourselves to form sums and products by scalars 
in these vector spaces, using the standard notation. Then our weak 
diffeotopy is <f t ('W\V N > - f ( ^ , W) f or ^ $ t 4 1 (where 
7vt.£ M,-vrc b^"^, the fibre). Since M , and so also (5 , is 
compact, the weak diffeotopy ie strong: say it is covered by the 
diffeotopy fi of N*" . But can be extended to a weak tubular nbd, 

e.g. by f j ^Yjvi) 

f(T*.,V) * <P (^S |.V) 'V) 

where y is smooth, ^(t) ="i "t f or o 4t 4 "\ , ^ '(t) > .and 
y (t") < 1 . Such a y may easily be constructed by using bump 
functions, e.g. ^ . , 

y (tl - 4 5 e ; 1 1 * (' ~- i) & p - >n d;c - 

We can now define q = ° ■ J$> 

Lemma 5.2 Let Cf •" £ ~^ ^ , if '< E. ' N be weak tubular nbds of M in ^ 
such that )^cp <C |^ y . Then for some bundle map ' E ~ > E. , 
there is a weak diffeotopy of (p on (p ' \ which is fixed on B Q • 
Proof Let < f ~ ^ ' 1 ° : ^ E ' » then ^ is an imbedding- Consider 

the mappings ^ t '- ^ t (e)-=t ^ ftc?) for 0<t4l , t i ^ ; where the 
multiplications by t ~ 1 , t are again scalar multiplications in the 
fibre. Clearly^ - J- ; we shall show that the definition of j.^ can 
be extended to ~t— O , and that ^ c can be taken as X ; ^ ^-f- wil1 
then give the required weak diffeotopy of ^ ~ <p ^ on £p ' ^ ; it is 
clearly "fixed on 6> , 

Take local co-ordiniates X ^=(x ( } . . . in M , and let ^ Z 

be Euclidean co-ordinates in the fibres of B , ^ • Then setting 
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Chapter 5 Tubular Neighbourhood Theorem 

We shall now use our results on diffeotopy extension to complete 

the discussion in Chapters 2 and 3 of tubular nbds by showing that 

these are, essentially, unique. This enables us to pass from know- 

ledge of the structure of a compact submanifold II of a manifold JN 
to knowledge of a nul of : 

the only extra piece of information needed is the structure of the 
normal bundle Thus our considerations help with the general 

problem of building up global results from merely local ones. 

We recall the definition. If Q is an(n-M)-disc bundle 
over / I , with group and central cross-section D„ , then 

a tubular nbd of H in N is an imbedding <p ' £ — > ^ , as submanifold 
with boundary, extending the projection of S> a on 
D 32 Two tubular nbds Cp : & — > N and <3p •' &' — -> N are equivalent 

if there is a bundle map %• g-> 6' over the identity map of M , 
and a strong diffeotopy of Cp on <p o~X. which is fixed on S Q . 

Our object is to show that any two tubular nbds are equivalent. 
Since we shall use the results of Chapter k, we shall have to assume 
that tA is compact. One would expect that this assumption was 
unnecessary; however, it cannot be simply omitted. 



Example of tub nbd of fR' in fR^ .not equivalent to standard: 




' is the set I ^ I < 3 



and the projection of / on [R is defined by straight lines through 
(O,?)) • Clearly this gives a tubular nbd, equally clearly non- 
standard. 

For applications in later parts, we shall usually assume all manifolds 
compact anyway. 

Let be a tubular nbd for M in K . We 

consider the bundle t associated to 6) but with fibre |R , and 
correspondingly extend the group to is a submanifold 

with boundary of E . For the tubular nbds of Chapter 2, £" is simply 
the normal bundle Nl^%). 



But 



^ carries the zero cross-section of E onto that of £ , so 

Now by Part 0, Lemma 3.1 , applied to ^3 (regarded as a function of y 
with X as a parameter), there are smooth functions j6- with 

Then /S (X ; fcy) =- Z ^ ^ (X/ty), so we can write ^ in the form 

where the left hand side is a smooth function also at — O . This 
Bhows that we have a smooth map J : £xl — ^> E-' x I defined by 

the ; to have a weak diffeotopy, we must check that the Jacobian 
is everywhere nonzero. This is clear for"t=jrO, since J is a 
diff eomorphic imbedding, and multiplication by "t" or t 1 gives a 
diff eomorphism. Now - 

induces a linear map of each fibre, with matrix (^Pj/^-y^ ~ C^^^y • ' 
which is also the matrix of partial derivatives of j on . Since 

J is an imbedding, this is nonzero. So J'o is a fibre map, with 
each fibre mapped isomorphic ally , so is a home omor phi sm; since the 
Jacobians are nonzero, it is a diff eomorphism (Lemma 2.2), and we 
can take -=. ^ Q . We have also verified by the same token that ZT" 
is a weak diffeotopy. 

Corollary 5.2.1 The result holds alEo without the assumption (p C. J ^ ' 
^ 0T Ltn.fy^ -Lr7\. Cp ^ i8 a nbd of , which thus has a tubular nbd, 

hence also a weak one (p ^ , with Xtk " -Iw n -^■'Wv.^' '* Tnen 
there are bundle maps modulo which cp is weakly diffeotopic both to 
£p and to <p ^ , whence the result follows. 

Lemma 5.3 Let :E N } <p — > hi be weak tubular nbde of M in N 
where the bundles E ; B have group O^-"^). Then the conclusion of 
Lemma 5.2 holds, with an O -^-bundle map. 

Proof It suffices to show that anyj^ > £ — V' & which is a bundle 

map when the group is extended to weakly diffeotopic to 

an O^h -Tvi) -bundle map. As above, in co-ordinates, r ^> is given by 

y C X , =" ( X ) ^ where 

2L - — 1_Q.-'. (x) V; . Now since the group is the orthogonal group, 
we can speak of the length of a vector in the fibre (cf Part 0, Chap. 3). 



By the Gram-Schmidt orthogonalisation process, take the vectors b" 
with components Q.^ , and write = J £ j » where the €,\ are 

orthonormal, and each X ^ > O . If ^ ^ has components C^j , consider 
now the weak diffeotopy 

That this is a weak diffeotopy follows as no matrix O^ij) 
is singular (for the matrix is triangular, with nonzero diagonal 
terms); is the given map ^ , and takes one orthonormal , 

base to another, so is an O^h- ^bundle map. 4p> 
Corollary 5.3.1 Let <p". £->|S/ , (p' : ^ be tubular nbds of M in N 
Then there is a bundle map^: 6> — ^> , with <|><0( weakly diffeo- 
topic to ^ . 

Proof By Lemma 5.1 » ' extend to weak tubular nbds ^ , ' ; by 

Lemma 5-3> there is a bundle map ' E E with the corresponding 
property. Then maps B> into , and so \ie can take as 
its restriction. < ~fe> 

Corollary 5.3.2 Under these conditions, S and § are equivalent bundles. 
For is a bundle isomorphism. <hL 

Theorem 5.U (Tubular Nbd Theorem) M a smooth manifold, r\ a compact 

submanifold. Then any two tubular nbds of M in N are equivalent. 

Proof This follows from Corollary 5.3.1 since, by Theorem U.2, the 

weak diffeotopy we have constructed is in fact strong. ^ 
As a first corollary, we obtain a useful little result. 

Theorem 5.5 (Disc Theorem) Let N be a connected manifold (perhaps with 
boundary) ,JL ( rf^'-b ~^ N imbeddings as submanifold with boundary. Then 
j-j and-£^ are strongly diffeotopic unless N is orientable and 
,Jl^ have opposite orientations. 

Proof Let ^ "J^.^ ^ L^—h^)- Since N is connected, by D 7 there 

ie a smooth path connecting P, and P in M , i.e. a weak diffeotopy 
of r ( to P , considered as submanifolds of zero dimension. By 
the diffeotopy extension theorem, there is a strong diffeotopy. Hence 
we may suppose Fj -=z. — P . NowJl ( )^2- are tubular nbds of P , so 
by Theorem 5,K, there is an orthogonal transformation ^ of T) ^ , 
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such that and|.^°)( are strongly diffeotopic. 

Now if % £ SO(V) , then clearly. £ is weakly, bo also strongly 
diffeotopic to£^°")C , so the result follows. If not, and m is 
orientable, we have the case excluded by the theorem. If N is non- 
orientable, there is an orientation reversing smooth path (cf the 
discussion after D 12), and if we take P on a strong diffeotopy 
round such a path, the sign of the determinant of will change. 

We Bhall use numerous extensions of Theorem 5,k in the sequel; 
let us indicate one or two briefly here. The definition of 
equivalence remains the same. 
Prop 5.6 Any two tubular nbds of in H are equivalent , if is 
compact. 

Proof Follow the above closely. The analogues of 5.1 and of 5.2 

follow as before. In 5.3, note only that our group is not 
(jL^{jf£) orO(l), but simply or So(0 - the trivial 

group. This makes for a slight simplification in the argument. 

Prop 5.7 The result of Theorem 5.U holds also if N has a boundary. 
We note that in proving uniqueness of tubular nbds, in contrast 
to the case where we had to prove existence in Chapter 3 9 no extra 
difficulties arise in the case where we bave boundaries. 
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Chapter 1 6 Comers and Straightening 

In this chapter we shall pay a little more attention to mani- 
folds with a corner, and give a process cf straightening this, so as 
to have simply a manifold with boundary. This will be very useful 
later on, where any corners which occur may be ignored by the results 
of this chapter. 

We first need existence and uniqueness theorems for a lot of 
new kinds of tubular nbd. Let M be a manifold with corner A M . 
A Riemannian structur e on is defined as before, with the extra 
condition that the two parts of at a point of meet orthogonally 
(i.e. the vectors normal tc them are perpendicular). A tubular nbd 
of is defined as before. However^M X X does not have the 
structure of a smooth manifold (of any kind) on /I M X _JT , so we 
must interpret "imbedding" to mean a home omorphi sm into, which is a 
diff eomorphism except on , and with all partial derivatives 

continuous at ! from each side. 

Lemma 6.1 There exists a tubular nbd of 2>M in M , if ^ is compact. 

Proof First define inward-pointing vectors on~& ; except on A 

these are, as usual, vectors ^"X^ with"X , > O , in terms of a 

C.N. OnJjM , we require'X^ O f "X ^> O .We observe that at 
each point, the space of inward-pointing vectors is convex. Now 
construct on ^ |M a smooth field of inward-pointing vectors: we 
first do this everywhere locally, and piece together with a partition 
of unity (of Part 0, proof of Theorem 3.3). The exponential map 
applied to this field now gives a local diff eomorphism, and from 
this we deduce a tubular nbd as usual, using Part 0, Cor 2.7.1 
and Lemma 2.6. 

(We could do without compactness, but the result is not of sufficient 
importance to make it worth the trouble). Our next object is to 
obtain a tubular nbd of/fMin M ; this is of no little difficulty, 
and our first suggested proofs were fallacious. We hope the 
following is not. The tubular nbd is as usual an imbedding of a fibre 
bundle. The choice of the fibre is of no great importance, provided 
we do get a nbd; we obtain a set of the from ]x.| 4 ^ 4 ^ in fR , 
with group 2^ operating by reflection in the ^/ -axis. This is 



somewhat more convenient than co-ordinates DC^X. . 
Theorem 6.2 If A M is compact, there exists a tubular nbd of 4/i in w . 
Proof We first suppose p. Riemannian structure given on M , and take 

the fector field on AtA consisting: of that normal vector inclined at 
/^j- to each part of ^ PI . As in Lemma 6.1, we apply the exponential 
map to such vectors (provided they are inward-pointing), and for 
sufficiently small ones obtain a dif f eomorphic imbedding of 

Next we construct geodesies normal to this subset, until they 
meet the boundary PI . Observe that by the usual arguments, every 
point of a sufficiently small hbd of A FA lies on just one such geodesic. 
We use this to define a map of such a nbd into fR . A point ^ in 
the image of A M XT , at distance /V £ from A M (where £. is the 
"sufficiently small" distance,) is mapped to (O t ~\) . A point in a 
normal geodesic of P , at distancs/tt £ from it, is mapped to 

• Here, the choice of sign is indeterminate, but can be made 
coherently locally. 

By the usual arguments, our mappings are smooth (they come from 
the exponential map.) The product map to is thus also 

smooth, and has Jacobian 1 on/lM , so is a local home omor phi sm, and 
if £ is small enough, a dif f eomorphism. Here I have been imprecise: 
as the map to fK was only defined up to a reflection, my map really 
goes on to an lr\ -bundle over AtA , in general non-trivial. 
The image in |R^" is defined by equations of the type 

where b(o)- $ (9) ~ ^ (since the angle is right) and A. , £ are positive 
in the range under consideration, and depend also on the point of A . 
To simplify this, we define a new co-ordinate vJ by 

provided £. is small enough (for the last timel) this defines aB 
an increasing function of X , restricted only by - ^ ^ ^ ^ ^ ' 

Reflection in the ^ -axis interchanges ^ and /v and changes 
the sign of . Thus it also changes the sign of UT , and our 
bundle has a well-determined fibre and group. Finally, the new 
co-ordinate is also smooth; indeed, this is quite clear from the 



definition above. 

We have left out most of the details in this proof to make the 
ideas clearer. The only other proof to my knowledge is in Cerf's 
thesis. 

In the corollaries we shall suppose, for simplicity, that we 
can write 

that A M separates ^ tA into parts with closures^ M ? . This 

is the case for all the corners that we actually need. A tubular 
nbd of ^ ( M is defined in the usual way; the image contains a nbd 

oM/M. 

Corollary 6.2.1 There exists a tubular nbd of ^^^lin M . 

?.-'oof As in the proof of 'Prop 3«3» we can use the tubular nbd of 

/IN in M to construct a metric adapted to each of M in 

a nbd of A -tA . The construction of the tubular nbd now proceeds 
as usual. . 

Corollary 6.2.2 There exists a metric adapted to 

Proof We use, the tubular- nbds of the above Corollary and the method 

of Prop 3.3. Note that the product metrics given by these tubular 
nbds hear the corner agree with the metric we have already (which was 
constructed using a tubular nbd of A h\ ) ; thus near A M the metric is 
unaltered by this process. <^j^ 

We observe that tubular nbd theorems for the tubular nbds 
constructed in 6.2 and 6.2.1 follow without difficulty by the methods 
of Chapter 5; in contrast, to the existence problem, we need no new 
ideas here. We now turn to the main topic of the chapter. Let 
be a manifold with compact corner. 

Theorem 6.3 There exist manifolds with boundary such that there is 

a homeomorphism £' N —z> N which is a diff eomorphism except on A ^ 
Moreover, there is a construction of such an N which gives a result 
unique up to diffeomorphism. 

Proof Our construction is as follows. N will be M itself, with a 

different differential structure, defined by a new set of C.N.s. At 
points of the differential structure and C.N.s are. unchanged. 

Let <p ■ S — > M be a tubular nbd f or A , where 6 is a bundle 
whose fibre is the set W ^ 4 ^ • Then a C.N. f or A M , 



with co-ordinates ^ ,'"> determines one for !S , and so M , 
with additional co-ordinates OC > 1^ . We define N by the same mapping, 
followed by taking the new co-ordinate instead of ^,2=^- yj~ . The 
C.N. is then defined locally by O , which is of the right form for a 
manifold with boundary. ^ = v/x^+Zis a smooth function of 2. except 
on /[ M , so the differential structure is unchanged elsewhere. Finally, 
as these C.N.s all come from a single tubular nbd of A M , the 
differential structure so defined is clearly consistent. 

The uniqueness up to dif feomorphism of such M follows at once 
from the tubular nbd theorem for/fM in M . 

iB said to be derived from by straightening the corner . 
We reserve this term for the constructed N , not for any N which has 
an ft: M — ^ (\J , a homeomorphism, diff eomorphic except on^M . Such 

M are in fact unique, but a proof of this would lie much deeper, 
since this allowB arbitrary singularities of L on A M . . We mention 
that the popular definition of straightening uses the same process, but 
replaces C^S j) by ( 2:K ^ ^^f^^) instead of (* , y Z - DC^. The reason for 
our choice will Boon be apparent. 
Theorem 6.2+ Let f : ^ H X I — > M be a nice tubular nbd for in M . 
Let •< ■ ^ ^ J *?(0\ ^ *) be a map, smooth except on A M , and suppose 
^ — > |M defined by j,. such that the 

image of J, ie a smooth submanif old ~^ N . Such c< exist, and if f\l 
is the interior of^N, i.e. the closure of that residual component 
of ^ in M which does not contain ~^M,N is derived from M by 
straightening the corner. 
Remark We need Cp to be well-behaved near A M . It will suffice if 

Cp is derived from a metric defined using a tubular nbd of 
Proof We shall first construct a homeomorphism k v < c 



of /S/ onto , and then prove that it carries 
C.N.s for N onto those for with the 
corner straightened. 

Let us refer to the paths (p^P^T^as orbits. ^ will keep 
points outside ^ fixed; those inside are moved along the orbits 
in such a way that a nbd of (?(P* i) is fixed, while tf(P*o((f)) la mapped 
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to ( Px O^) . This may be effected as usual, using bump functions; 
the map can be made smooth away from A M . 

Near we take co-ordinates^,^ " ' ^wn) aB for a tubular 

nbd. By assumption on £p , the orbits are obtained by letting ^ 
vary. LetX- O, > - } ^~^) be the corresponding point on the 
boundary. Then for X c-ose to AH and Z small, we write 

and use the bump function to pass smoothly from this to the other values 
of £u . Observe that the co-ordinate X. is well-determined up to 
sign referring to the tubular nbd of A M . Finally, if ^ = «AfZ } 



Z ~ ^. —x. is indeed the co-ordinate introduced to straighten the 
corner. ^jj"} 

This theorem is very useful in reconciling the definition of 
straightening with the applications. For example, we have now 
Corollary 6.4.1 <J is derived from D XD by straightening the corner. 

Proof We can take the tubular nbd of ^)(b X S< ), where ])^ x ^) is 

imbedded in the standard way in IPs , to be defined by orbits which 
are straight lines through O . Then the image of I can be taken 
as a sphere with centre at the origin. _Tp 

So far we have discussed straightening corners. We may also 
consider the converse process, the introduction of corners. For given 
a manifold with boundary N „ and a submanifold L_ of <W of 
co-dimension 1 , we can construct a tubular nbd of L in N , and 
redefine the dif f erentiat le structure to introduce a corner along L . 
The resulting M is unique up to dif f eomorphiom, and if we straighten 
the corner, we return to N , The proofs of these results are 
parallel to those above, but are much easier. 
Prop 6.5 If L is a submanifold of ^ N of co-dimension 1 , we can 
introduce a corner on |_ in an essentially unique way. If we 
straighten it, we recover L~ . 
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Charter 7 Cutting and Glueing 

Cutting and glueing are simple geometrical constructions which, 
given some smooth manifolds (probably with boundaries and corners) 
and additional data where necessary, give rise to new manifolds. On 
account of their perspicuity, these methods were much used in the 
days of topology of surfaces, and they remain a very powerful tool. 

We first discuss the simplest case of glueing. Let 
be manifolds with boundary, Q \ » an<3 - suppose given a diffeo- 

morphism — > Q, z (the necessary additional data). We now 
form a smooth manifold. Take M ( u (disjoint), and identify 

points corresponding under . This gives a topological space 

A/ , and identification map V ; M, u ^ x - > hi . Now take tubular 
nbde (j)^ • Q.^ * -L . These define a map f ' Q, ( x b^-» N by 

if ir^O 

these agree on 4l =.0 since (j^ and were identified using ^ . 
It is clear that <p is /l — l) ; in fact, a homeomorphism into. Now 
define a function J- on N to be smooth provided J- ^ is a smooth 
function on M f u and-j-o (p a smooth function on d [ X i) . The 
axioms defining a smooth manifold are now clearly satisfied: C.N,s in 

>Q ( *l> f > an< i i n f^give rise to C.N.s in /V , and where these 
overlap, they agree. 

We have really not made full use of the assumption 5 -Q.^ , 
and none of the above argument is affected if is the disjoint 

union of a certain set of components, and the union of a subset 
of these components. In this case, the remaining boundary components 
form the boundary of • 

D 36 N is obtained by glueing M, to M 2 by I (or, along Q ( ). 

Prop 7.1 The manifold defined by glueing M to H by A, is determined 
up to dif f eomorphism, provided ^ is compact. 

Proof The only arbitrary element in the definition was the choice of 

the tubular nbde Gi ^ . By the tubular ribd theorem, these are 
unique up to dif f eomorphisms of , so the result follows. ^j^, 



It is unclear whether compactness of Q ( is essential here. 
Certainly, glueing by inequivalent tubular ribds can give the same 
manifold as for example glueing two copies of , we always obtain 



a contractible 2-manifold, and any such is known to be dif f eomorphic 
to /R 2 " itself. 

D 37 If N is obtained by glueing to itself, via f :"^H— >"DM ; 

we say it is defined by doubling M . 

This particular case is useful in some contexts. 

The inverse operation to glueing is jutting. Again, we discuss 
the simplest case first. Let /V have as submanifold, and 

suppose that N-Q has just two components, with closures and 
so that ■= . It is immediate that each is a sub- 

manifold with boundary of N , and has the induced structure of a 
Bmooth manifold. The M - are uniquely determined by t GCj and fv/ 
may have a boundary. No compactness is needed. 



Prop 7.2 If N is defined by glueing M, to M along Q , and we 



cut 



fs| along , we recover and ' v l . Conversely, if N and its 

submanifold 'are connected, Q_ separates N with parts M ( and M^> 
and we glue M, to M along (T^ , then if Q is compact, we 
recover fV . 

Proof The first part is immediate from the definition of glueing. 

For the converse, if the above conditions are satisfied, we obtain 

and Mj, . Now if <^:Qk1) 1 -* H ±b a tubular ribd of Q, in N f 

Cp defines by restriction tubular nbds of in ^ n ^£« If 

these are used in the glueing process, we clearly recover N . The 

second part of the result now follows from Proposition 7»1« 5^> 

Thus cutting and glueing are inverse operations. We now 

discuss cutting in a more general context. We continue to suppose 

. n. . 
that n is a smooth manifold (without boundary), Q a submanifold 

of unit codimension. However, f we no longer suppose that 

separates f\f , or even that it separates a nbd of Q ; thus in 

general, when we cut /V along Q_ , it will not fall into two pieces. 

There are two quick ways of defining cutting. One ie to let 

^ be a complete metric on M , and define M as the metric 
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completion of N-Q. A somewhat preferable procedure is to define M 
by deleting from N the interior of a tubular nbd of Q_ ; this 
has the advantage that has a natural induced structure as sub- 
manifold with boundary. However it, like the first proposal, makes 
use of additional structure - the tubular nbd - which iE not essential, 
and obscures the problem of uniqueness of the reBult; so we Bhall 
proceed differently. 

Observe that, if V is the inclusion, and P<£ 

then di(Q|o) is a subspace of of unit codimension, and so 
separates this real vector space into two components. We define a 
manifold W as follows Its points are those of together 
with two for each point P of , one associated with each com- 
plementary component of cr, as we shall say, side of Q 
in f\ > There is thus a natural projection n We 
take for C.N.s in M those induced by ?T from C.N. s in N-Q, ; 
in addition, for each C.N. 

two C.N.s in induced by u fror, the restrictions of X to 

q ru _ n J 
the inverse images of (K ^_ and \K (in the latter case, we must change 

the sign of the first co-ordinate to obtain a C.N. of standard type). 

Here, of course, the points of N corresponding to a certain side of Q. 

inNare mapped by the C.N. for the corresponding side of iR in R ; 
since dj'is nonpingulur, it prenerves the distinction between sides. 
D 38 is obtained by cutting /V along Q . 

We note that is a double covering of Q . In fact, it is easy 

to determine which covering. 
Prop 7.3 Let Q be a submanifold of N , ip & — z> N a tubular 

nbd which extends to a weak tubular nbd, the closure of H ~~ ^ ^ 

and M obtained by cutting N along <c£ . Then M is diffeo- 

morphic to M , and hence ^ ^ to ^ B> , the normal covering of Q_ 

in N . 

Proof Cut jS along Q (the zero cross-section). Then we obtain 

simply"^ 6 x I J this is clear, since the whole is a bundle over ^ 
with group . Hence <p induces a tubular nbd of the boundary 

of M , the complement of which 1b It is now clear that 
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is diffeomorphic to indeed, using the weak extension of Cp , 

we can define a diffeotopy of the identity map of N to a diffeo- 
morphism onto M (cf proof cf Lemma 5.1). The result follows. ^» 

The corresponding extension of Prop 7.2 for the present 
definition of cutting now follows. However, cutting is more general 
than simply the inverse of glueing as is clear, for example, when 
the normal covering of Q_ in /\l is non-trivial. 

We shall need further generalisations of cutting and glueing 
which involve corners. If is a manifold with boundary, Q a 
submanifold, we may define the manifold obtained by cutting 
along precisely as above: the only new feature is that M has a 
corner at points corresponding c>Q J this divides into two 
parts, corresponding respectively toc)^ and to . 

Likewise, let (j- ~ be manifolds with corners, and let 

be part of the boundary of with ^ Q. x ^AM ^ . Let 

Q be a diff eomorphism. Since the have tubular nbds 
by Corollary 6,2,1 , we can define a manifold N by glueing M ( to H 
by fv precisely as before; again the tubular nbd theorem shows that 
it Q | is compact,, the result is unique. The generalisations of 
Prop 7,2 and Prop 7,3 to the present case now present no difficulty. 

Finally we remark that it is sometimes desirable to glue 
together two parts of the boundary of the same manifold. If the 
parte are disjoint, ,we can use disjoint tubular nbds to effect this. 
If not, since it is usually the case that we are interested only in 
obtaining a result up to diff eomorphism, we can usually imitate the 
following trick. Let'/T'-^M — > Q be a double covering and 
suppose we wish to glue together points of ^ M lying above the same 
point of Q . Now the mapping cylinder 5 of 'YT is a disc-bundle 
over Q , and so a smooth manifold with boundary, and the same 
result can be effected by glueing H to & by the identity map of 
the boundary; that it is the same follows by Prop 7.3. 

As an important application of cutting, we mention the 
following. 

D 39 LetM I™ be connected smooth manifolds, h\ ' ^ — ^ ' ' ; 
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imbeddings. Delete the interiors of the images of the , and 
glue the results along the boundary ^ * ^ ne resul ' t iB 

called the connected sum , written M^^. (it is obvious that it 
is connected). 

Theorem l.k M % M is determined up to dif f eomorphism by the summands, 
unless these are both orientable, when there are two determinations. 

Proof By the Disc Theorem 5.5, the imbeddings are unique up to 

strong diffeotopy, and a possible change of orientation. By Prop 
7.1 j the result of the glueing, given-j^ and-£^ , is unique up to 
dif f eomorphism. Hence the result follows, except for considerations 
of orientation. Note that if ^ ^ are replaced by « T, J.^o f, where 
P is a reflection, the connected sum is unaltered. Now if neither 
M- is orientable, the result is trivial: if only M is orientable, 
using the above possibility of simultaneous reversal, uniqueness 
again follows. If both are orientable, the reBult now has two 
possible cases. 

To make the result precise in the orientable case, we suppose 
the M - both oriented, and that one of the J- - preserves, the other 
reverses orientation. The result is then again unique, and has a 
canonical orientation inducing the given ones of the . 

The connected Bum is also defined for manifolds with boundaries 
and corners; we simply suppose that thejl^ map into the interior. 
However, in this case we also have a different sum operation. Let 
us suppose that l^l , M are connected manifolds with connected 
boundaries. Let 1^ : T) — }c^M^ be an imbedding. Introduce a 
corner along J. ^ (S ^ . We may now glue the J! ' x (j) ^ ^ 

together "by ^ §-~^ m 

D 1+0 The result is called the sum H.+ K, of M and M . 

Prop 7.5 M ( -f-M^is determined up to dif f eomorphism by M ( and 

unless and d ' v l are both orientable, when there are two sums. 

Proof This follows by the disc theorem exactly as for Theorem 7.1+. ^ 

We conclude by summing up the simple properties of these operations. 
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ProP 7.6 M ~* S m ^ M W M "V])*- = M w ) 

Proof To form )V] ^( ^ we simply delete one disc from / v l , and 

replace it by another, equally good one. 

The second reBult may be seen as follows. D is obtained from 
th-1 , 
£) x J by straighcening the corner. Derive N from rA by intro- 

r /,. m.-2\ >v /m - 1 

ducing a corner along-UJ> yas above; then glueing on f) x JO 

does not affect N other than by a dif f eomorphism (as J-^D^" 1 ) has 

a tubular nbd by Cor 6.2.1 , and we have the usual deformation 

argument). The result follows by straightening the corners. 

The last part is merely an observation of what happens to the 

boundary, for the sum operation; the proof is immediate. 5^ 
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PART II 

Chapter Nul Sets 

We now need a few standard facte about nul Bets (i.e. sets of 
Lebesgue measure zero) which will be very useful in the sequel. 
D M A subset A of /R^" is nul if for each £ > O , it can be 

enclosed in a countable union of balls cf total volume < £< 

It is trivial that a countable union of nul sets is nul. 
Also that a nul set has uo interior: its complement is everywhere 
dense. 

Lemma 0.1 Suppose l\. open in smooth, and 

AcU nul. 

Then J.^ a) is nul. 

Proof Let K be a compact subset of 14. . Then in K the partial 

derivatives of Jl of first order are bounded, so infinitesimal 
lengths are multiplied by a bounded factor: let M be a bound. 
Then the image of a ball of radius is contained in a ball of 
radius N ; thus If £> is contained In a number of balls in K 
of total volume less than £ ,^.^6^ is contained in a union of balls 
of total volume less than H '* v £. 

Now as in Part 0, 2.1, we may find a countable set of discs 
Vifyi. & i) contained in 1A» , with the \L , b i)covering 
Then if A \ » $0 ^ (V.^ , S ^) » we can cover by balls contained 
in lA. C* a > ^ ^i.) of total volume less than £^ ; hence by the 
above^ ^j-(^-J) by balls of totax volume less than £ <£^ . Thus 
^- ^A ^) is nul, and eo is the countable union 
Corollary 0.1 .1 Suppose %{ open in [R^, 1*a , -- 1X — } |R ^ 

smooth. Then |-(^ is nul. 
Proof Define F-* iU K*" "^-^ by F(x,y) = (*) . Then 

J-GO- F(UxO) / but cl early 11*0 is nul in ^ 
D Ma a smooth manifold. flC-ti is nul if for each C.N. 

nul. 

Since by the lemma, nul sets are preserved by smooth maps, 
it is sufficient to verify the condition for a set (^(^ , ^) of 
C.N. e with the covering I s ! . 



Prop 0.2 Suppose A <^ nul, f : Af, -* A/ ^ Btnooth. Then-f(^) is mil. 
Proof The result follows at once from Lemma 0.1 and the 

definition. <^ 
Corollary 0.2.1 Suppose 7»<n, £ ' M^-} f^^ smooth. Then-jl^N^is nul. 
Proof As for Corollary C.1 .1 . 

These give the basic properties of nul sets! we now go on 

to the deeper result which we shall need. 
D k2 Let J M^-> V V be Bmooth . A point p£ (1 ia a 

regular point of | if ; M p ^(p} haB rank V • Otherwis 
P is a critical point , and ^(f) a critical value of ^ 

Theorem 0.3 (Sard's theorem). Let ^ ; — > V V be a smooth 

map. Then the set of critical values of is nul. 

Proof We observe that it is sufficient to consider values in a 

C.N. of V , and further that, since M ie a countable union of 
C.N.s, we may also restrict attention to & C.N. of A"\ . This 
reduces the proof to the case , M an open subset of . 

Now f or <V, the result follows by Corollary 0.1.1. 

We give the proof here only for *M = V. For^Vx^v , we 
refer the reader to the paper by A. Sard, Bull. Amer. Math. Soc. 
h& (19U2) pp. 883-8 9». 

Let P be a critical point. Since ^ —V', the Jacobian 
determinant of vanishes at P , so given ^> , we can find a 
ball containing P with J^Jl)< 6 in the ball. Hence the volume of 
the image is ^. S * volume of original ball: it can be contained in 
balls of at most twice this total volume. 

If K ie a compact submanifold of ^ , A the set of 
critical points in K , we enclose these in small balls of total 
volume less than 2 .w (k) , say. Then -^^A^ can be enclosed in balls 
of total volume less than4S / a.^/\). But is arbitrarily small, 
so^^A^ is nul. The set of critical values is a countable union 
of sets » hence also nul. ^> 
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Chapter 1 Whitney' e Imbedding Theorem 

We open our discussion of the deeper properties of smooth 
manifolds with Whitney's imbedding theorem for two reasons. The 
first ie historical: smooth manifolds were originally considered 
as eubmanif olds of Euclidean space, and this theorem reconciled this 
approach with the abstract form of definition which we prefer. 
Secondly, the proof is quite simple, and opens the way to our later 
discussion of the general transversality theorem. 

Theorem 1 .1 Any compact manifold AV (perhaps with boundary) can be 
imbedded in a Euclidean space. 

Proof If the manifold is bounded, double up: any imbedding of the 

double restricts to give an imbedding of the original manifold. 
Now let ty/' — ^H(O l be the C.N.s constructed in 2.1, 
Part 0: since they are locally finite, and M compact, there are 
only a finite number. Also as in 2.1 .1 , Part 0, let 
$ JP)-6^(2.-/<fL(p)j) for P in the range of <p^ , O otherwise. 
Now define functions i.^; by 

Hi t pS > 'Ir^^i-^S 1 ^ P ln raI * e of <Pi 

= O otherwise. 
Clearly, the J.^j are all smooth functions of P ; if the range of 

i is 1 4 i ^ /s/ , there are(M+-l') N of them, so they define a 
smooth map _ /vw + ON 

We assert that f is an imbedding: by 2.2.1, Part I, it is suf- 
ficient to prove f(l~l) and an immerBion ( M being compact). 

First, since the Cf>^ (U (Oj 1^) cover M , each 
belongs to at least one such. But in this set, © . » 1 

f ' 

Thus c/j- : — s> K<^^ is(.1- V , and so r is an immersion. 



■ (P)~Xi(q>XP')) » and so these cLf- 
J- : -^Hf^ is (1-0 , a: 

Now if F(p) =* f(Q), and Pi, % % (lt(0j)) - ^en 

also. But in this set, we can take the Jl^ /-^ &B 
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co-ordinates - since these have the same values for P and Q , 
then P^Q. . Thus F is also ('l - 1) . ^ 

This is the first of Whitney's theorems: the proof is very- 
simple, but the result is rather weak. We shall now obtain a 
stronger version, with a bound on the dimension of the Euclidean 
Bpace, and an approximation clause. It is also possible by similar 
methods to give a proof for non-compact manifolds; for us, it will 
be more convenient to defer thia extension till we have the trans- 
versality theorem. 

Each vector in IK determines the parallel unit vector from 

- 

Lemma 1.2 Let £ : M ' rH — /R U be an imbedding. Then the set of points 
whose vectors are parallel to a tangent of f v ' is nul, if 
-n.^2'm. +- 1 , and the set whose vectors are parallel to a chord is 
nul, if U ^ 2 >u +■ 1 . 
Proof Any tangent of M ^is parallel to a unit tangent. Let S 

be the sub-bundle of 7T(W) consisting of unit vectors. Then 
dj. -T(m) ^>T(R ^defines dj- : & -*>T((R^) , and since all tangent 
spaces to /R^have been identified with (R <V , there is a smooth map 
TT:T((R K> ) — > fR^ . Moreover, since & coneists of unit 
vectors,! maps S in Hence the set of points in S* 1-1 

whose vectors are parallel to a tangent of /^t is the imago of &> 
under a smooth map. Since 6) has dimension Zvn - 1 , the first 
result follows from Corollary 0.2.1. 

For chords we proceed similarly. Let Mx^be the product 
manifold, ^(M^the diagonal, and consider C ■» (z^) : this 

is also a smooth manifold. Since 4- iB an imbedding, any two 
distinct points have distinct images, so if we ddfinel ( : C'~ i> '' N 
by f (^P.Gl)— (p^) — j- (vector subtraction), the 

image does not contain O . Thus we can normalise the image and 
define J t : C — * S^" 1 • Again we see that the set of points 
of S* 1 " 1 whose vectors are parallel to a chord of M ie the image 
under a smooth map; this time of C . Since C has dimension Z** f 
the result follows as before. ^ 
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KM 

Theorem 1.3 (Whitney's Imbedding Theorem). Let r\ "be a smooth 

compact manifold. Any map of ^1 to ll\ may he approximated 

arbitrarily closely by an iirbedding. 

Since we have not yet discussed topologies for mapping 

spaces (see Chapter 3 belo'v), approximation is here to be understood 

in the sense of pointwiee convergence. 
Proof Letjy- ^ ** ~> R ^ ' be the given map, M**-* 

some imbedding (which exists by Theorem 1,1). Consider the product 

p ka m . /D 2i^+-1 -t-u (V 
map^j-^'. ' ' — 7 1'N : this is an imbedding. For since -J-^ 

is an immersion and(l-1^ f bo is-^^ . Now by Lemma 1.2, the set ^ 

whose vector is parallel to a tangent or chord 

is nul, thus its complement is everywhere dense. We choose a point 

A , close to the unit poiiit on the last axis, and not in £ . Now 

projectJl^C^)in the direction * toR^*"**. Clearly the first 

Z 1 co-ordinates of the projected map ^. differ from those 

of , and hence of ^ , by an amount which can be made arbitrarily 

small by choice of X . 

We say that ^ is an imbedding. For since X is parallel 

to no chord of , no two distinct points of M have the 

same image under 1 . ; and since X is parallel to no tangent 

vector, there is no tangent vector which is mapped to zero by a£ . 

Thus ^ is an immersion and(^|-l), hence an imbedding. 

We may now repeat the projection process a further^- l)timee, 

obtaining ultimately an imbedding in llv with co-ordinates 

differing by arbitrarily little from those of JL ^jjp 

Theorem 1,1+ Any map of a compact / v l to li\ may be approximated 

by an immersion. 

/p 4-1 

Proof As for Theorem 1.3, we obtain an imbedding in ||n , and 

then choose X L. o , arbitrarily close to the unit point on the 
last axis, and parallel to no tangent vector (which is possible, 
as before, using Lemma 1.2). Projecting parallel to X , we 
obtain the desired immersion. 
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Chapter 2 Existence of Nondegenerate Functions 

At a later stage in these seminars we shall give a method 
for describing compact manifolds up to diffeomorphism. The method 
consists in defining a smooth function^: — s> (ft • and then 
we can regard M as "filtered" by the subset £ ^(-o*, a.] as 
increases. In order to carry out this process in detail, it is 
necessary to suppose nondegenerate. 

Let ^- be a smooth function on M , and P a critical 
point of -p , so that o/J^Mp*) — O . If we take local co-ordinates 
with P as origin, we have ^(o^ — O and -gjj" vanishes at O 
fori 4 IX. It is now natural to consider the Hesaian matrix 
3~>£7"c>Xj of second derivatives of -fl at . We regard the Hessian 
as a symmetric bilinear form H (£) '• H^> * Mo fj^ f where 

in local co-ordinatea. Abstractly, if M. . V € , we extend V 
to a vector field V_ defined (at least) in a nbd of P ; then 

(Recall that a tangent vector is a mapping of functions on M to 
the reals, and hence a vector field maps functions to function?). 
This is independert of the extension V of V (since P is a 
critical point), and is clearly the same as the definition by 
co-ordinates. 

D43 P is a degenerate ( nondegenerate) critical point of $ if 

is a singular (nonsingular) bilinear form, £. iB nondegenerate 
if it has no degenerate critical point. 

Now suppose given an imbedding i • M ^ [R^ n . Then 

since we identify~[T(lR' n -^ with lF\ X iR.^ , we may identify 
with the submanifold of (K x given by pairs {CP.vY Pf H, V 
orthogonal to d{ (_M Recall that the exponential map is 

given by e*f (P, Y") — P-h "V* (vector addition). 

D I4I4. Let /M be a submanifold of the complete Riemann manifold N, 

Then a critical value of exp:M(N/)\^--} N is called a focus of fM; 
if the corresponding critical point is a vector at 7> , it is 
a focus of Mat P . 
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We observe that by Sard's theorem, the set of foci of fA In 
N ( or in lr\ ) is nul. It iB then clear that the existence of 
nonde gene rate functions will follow from the theorem below. For 
- M) , define Lf> tA — > R 1 by Lp (g£) ~ \ P- Q I 
Theorem 2.1 Lp has a critical point at <^£ M iff ft^is normal to M 
at . Q is a degenerate critical point iff P is a focus of M 

at . 

Proof The first statement is clear. For the second, first 

suppose a curve inll\. Then a focus must be a point of inter- 
section of consecutive normale, i.e. a centre of curvature. But 
i-p has a degenerate critical point at Q iff |P— X( is constant 
to the second order at , i.e. again if and only if P is the 

centre of curvature of M at Q . 

For general fA , the argument is a little more complicated. 
Suppose that P — G^-f-V" iB a focus, i.e. a singular point of exp, 
at(0( ,"\r). Then for a consecutive point (0+ SO. , V -+• h V ^ in 
some direction, the difference £>Q 4- & \> is of the second order 
of small quantities. Wow since P is on a normal at ^ , L-p 
has a critical point at Q , so is zero. 

But at Q^-f- t)C^ , to the first order P again lies on the normal, 
and cl Lp ; Mq4-£><3. -^R is zero. Thus if U is the tangent vector 
at Q corresponding to t)Q., (J-p$) =$&t Q for any V C M Q_ 

i.e. H(^(^,v)a:0 for all V , and H (Lf^ is singular on M<^ , 
so£^ is a degenerate critical point of L-p, . 

If we suppose conversely that Q is degenerate, we can 
reverse the argument. Since H^-^is singular, there exists 1A. 
with = for all v£ Mq, bo dip : /Mq.)-^ — > R 

vanishes to the first order if we move in the direction T\. , so 
to that order, P also lies on a normal at Q , and hence P 

is a focus of fA at Q . ^ 

Corollary 2.1.1. Any compact manifold M admits nondegenerate 
functions. 

Proof By Theorem 1 .1 , M can be imbedded in Euclidean space, 

by Sard's theorem, the set of foci (critical values of a smooth 
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map) is rial, eo we can choose P<^. M not a focus, and then by 
the Theorem, Lp is a nondegenerate function. fjj^ 

We remark that compactness is inessential, and also that 
using the approximation clause in Theorem 1.3» we could obtain one 
here. Also the condition is irrelevant; however, we should 

replace Lf> = — Q.I by IP-Q in this case; P itself will 
then be a nondegenerate critical point. We shall obtain very 
precise forms of this corollary later, even specifying the needed 
number of critical points. 
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Chapter 3 Jet spaces and function spaces 

We now approach the general tx^anversality theorem; for this 
we need a number of preliminary notions. We first discuss jets. 
Lemma 3.1 Let L be a smooth map such that -f- and all its 

partial derivatives of orderB ^ f vanish at O • Let <p } ^ be 
diffeomorphisms of & , fiV* keeping O fixed. Then'^Cp has all 
partial derivatives of orders ^ f zero at O . 
Proof The result is an immediate consequence of the chain rules 

for differentiating "a function of a function". ^ 

Clearly, also, the result holds if the maps are only locally 
defined, and writing £ — <|. — fv , holds also if we speak of ^ ( !\ 
having equal derivatives rather than of £■ having zero ones. 
D k5 Let ^,K.'V-^Mbe smooth maps, and let r £ V. Then 

^ ^ at P if, w.r.t. some local co-ordinates at P and ^ 
we have Q, 

00- Up) . 

and all partial derivatives of order ^ f 
of ^ and agree. 

By the lemma, this is independent of the chosen co-ordinate 
system. Clearly , ^ is an equivalence relation for maps defined 
on a nbd of f . An equivalence class is called an f -jet of maps 
from V to M at P . The set of all jets of maps of V to M is 
the ,1et space T~ ^(V, MV 

Each jet Is a jet of a map at some P £. V , so there is a 
natural pro jection ^""(V, ^ -±> V . Similarly (since O ), 
since two functions <^ ^ with the same r- jet at P , have ^-(^ ~ ^-(^), 
there is another projection fi^ : T ^(^^^ — > M . In fact it is 
clear that for — O (when derivatives do not come in to it) we 
have J" ° (\Z } = Vx M i here we may define a topology and the 
structure of a smooth manifold on the jet space using that on the 
product. 

Juwre generally, consider V" -jets of functions on a nbd 
of P with^!-(P^ - Q . With respect to local co-ordinates at /^Q, 
since two functions with the same partial derivatives define the 
same jet, we may take such partial derivatives as co-ordinates in 



II. 3. 2 

■T^"(V ; M). We need a Btreamlined notation. Let ^ ' ""> 

be a set of local co-orflinates at P , '^ = (y/ , " ' local 
co-ordinates at Q_ ,. We write to — w->\ i '" > w v ) for an 
arbitrary set of non-negative integers; Jlov X , - - - X y ? 

io' ^= I. . . . Ujy [ • Then if is a function on a nbd 
of P , ^(p)-<^j its partial derivatives of order 4 are simply 
the numbers U W) ^ = ^ #j (o 4 M 4 r- , 1 4 ^ W) , thus 
these values determine the H_j e t of at P . Conversely, given 
a set of numbers Cl^ • (where the point (& u • )raust lie in the 
prescribed nbd of Q ) , there exists a corresponding function - in 
fact , the polynomial i 

Hence the set of r-jets <j withT^ ^ P, TT^) ^ Q is isomorphic 
to a Euclidean space. 

If we now take ; ^) as local co-ordinate system in 

J (V ; M)~ which we have seen to be possible - it is eaBy to convince 
oneself that the co-ordinate changes are Bmooth (they exhibit, 
again, the chain rule for partial differentials); we shall spare 
the reader a detailed exhibition of them. We conclude that 

X^^M^ is a smooth manifold. 

We now observe that the projections Iff and TT^ are Bmooth 
maps. Also, let £ ■ V — ^ N\ be a smooth map. Then at 
each PlV the equivalence class of ^_ is our f-jet at P , so 

^ defines a cross-section J. • V — >J"'^\/ j M) , which is 
smooth since ^- (and hence all its partial derivatives) is. Here 
it is useful to really restrict ourselves to infinitely differenti- 
able maps - the condition was not essential in the preceding 
chapters. In the case T^O , of course, ^ is just the graph 
of ; we may consider our case as generalised from this ( 

We now use the jet space terminology to discuss spaces 
of maps. Write M V for the set of smooth maps of V in M : 
Tie wish to give this set a topology. First suppose V compact. 
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Now each jet space is a smooth manifold, bo admits a 

complete Riemannian metric ^ : we shall replace by the non- 
Riemannian metric ^""~"^C^*"t » wnicn gives the same topology. 
Then if j. t ^ ■ V — ^> M are smooth maps, we define 

~ WptV y^^f ( thi3 is finitd sinceVis compact) 
If we used ^ to define a topology, we should obtain the topology 
of uniform convergence of ^ (with its first l~ derivatives). 
Instead, we take ^(j->^) = Z^i-^. to define a topology - 

here, convergence is equivalent to simultaneous convergence ot^- 
with all derivatives. Hence we may reasonably call it the 
smooth topology. 

If V is not compac + , (in fact in general), we define 

v 

D U6 The smooth topology on M is the topology of uniform 

convergence of all derivatives on compact subsets. 
Lemma 3.2 The. smooth topology is metric. 

Proof We know this is so if V is compact. If not, write 

as a countable union of compact submanifolds (with 
boundary, but that is irrelevant) - say discs. Then the topology 
for ^ is defined by a metric P- , bounded by 1. Hence the 
metric f= 2L 2- f i defines the product topology on IL- ™ 
and hence the required topology on the subset lA . 3k 

Theorem 3.3 With the smooth topology, is a complete metric 

space. 

Proof We have just established that this topology is metrisable. 

Now again first suppose V compact. A Cauchy sequence in 
must a fortiori be Cauchy with the metric Since T^V^M^ 

is complete, the maps £ ^ converge to a limit ^ , which is 
continuous, since the convergence was uniform. 

Now for thef - , the co-ordinates *U.,,; are the partial 
derivatives of the U. ", . Let 6o be derived from U) by increasing 
by unity, andjco'l ^ v : then 1^ = and boU Wi ' 

is the indefinite integral with respect to X.^ of \hJ '• . Integra- 
tion commutes with uniform limits, so the same holds for I . 



- ^ a 

We deduce that f or + , U. tJ ^ ~ X ^ ^ • again, bo that the U c \~ M • are 

I'"' times continuously diff erenti-ableo But this shows that is 
the graph of an r-times dif ferentiable function , clearly independent 
of f , so ^- is smooth, and is the limit of the sequence. 

If \J is not compact, we write , and then as a 

T- . V. 



closed subset of the complete II ■ N\ is also complete. 

V 

It follows that Baire's theorem applies to the space M 
(2.9, Part 0). 



Corollary 3.3*1 The intersection of a countable family of dense open 
subsets of is still dense. 

This iB an exceedingly useful result. 
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Charter 4 The Tranevereallty Theorem 

Let be smooth manifoldE, and let be a submanifold 

of M^. Let M be a smooth map. 

D 47 The map ^ is transveree to /V if for every with 

This may also be interpreted as stating that cljl induces an 
epimorphism of \/p on M^//^^ , or equivalently, if is the 

normal space to N at Q (the annihilator of - see D 20), 

that e£j! induces a monomorphism of into Vp. 

If dimV< codim /\/ , the above condition connot be satisfied: 
in that case transversal ity requires £(v^to be disjoint from 

The following result gives some indication of the geometrical 
meaning of the condition. 
Lemma 4.0 Let transverse to a submanifold N of M . 

Then $-\N)-W is a submanifold of V , whose codimension equals 
that of N in AA . 
P roof Let P £. V , ^-(?) ~ ^ , and let N be locally defined at Q 

by X « — O , where the X - have linearly independent 

differentials at , and C^-Codu^ /si . Then by transversality, the 

functions J- , • - , ^ have linearly independent differentials at 

P , and clearly their vanishing defines linear P . The result 
follows by the proof of 2.2, Part I (using 4.1.1, Part 0). ^ 

We extend the concept as follows. Let N be a submanifold 
of J ^V, , Then we say that is transverse to if is 
so. Then roughly speaking, the transversality theorem states that 
almost any map is transverse to N • This is very general, so we 
need a lot of apparatus: we develop all the local results in a 
lemma. 

Lemma 4.1 Let X: V "^M be a smooth map with graph X : V -*J ( VjMJ, 
and let N be a submanifold of of codimension p. Let 

Then we can find 

i) a C.N. U, of P inV, ii) a C.N. U of in T^C^, m) and 

iii) an open nbd W of in such that 



II.2+.2 

a) For jtW, f(U,)c: Uj_ 

b) For every there are mapB X arbitrarily close to ^ in M* 
such thatHlUi is transverse to h$ , 

Proof We first choose a C.N. inT^^Mjat Q , within which M is 

given by equations H^=° (l ^\ 4 » where the H "X are Bmooth 
functions with linearly independent differentials. Hence we can find 
a Bubset ["Z./U. ■ 1 ^/^ ) of the co-ordinateB X^A^at Q such 
that P^^/^Z^A- 1 ^ O at Q q , say w.l.o.g, it iB positive. 

Now, having fixed in advance the local co-ordinates at P and 
Q , we may take for U- any nbd of Q within which N is defined 
by the equations J-KtsO* and J ^ "/^ 1>])S0. We choose VC, such 
that I^^C Xi^ • these will nearly be the nbds i), ii) of 
the lemma. It will be convenient to vrite (without loss of generality) 

In order to obtain the result, we must now take a map Q , with 



shall define the deformation locally; it may be extended to the rest 
of the manifold by using bump functions. We define 6r - V -> M by 

where the are constants to be determined. We s'nall^calculate the 
partial derivatives of theH^^"^ with respect to the £"X at £ =. <p . 

But by definition, IL^ (GtV^ ^-i, 80 

- a w 3 j .Wt,--V^-*'- , ''" ,x ''KL < xt> V"' 

and ^TA^j L tfr- ; r O if / t^>^, i^i/*- 



( ^ C^K. , and attempt to deform ^ to be transverse to N . We 



Then^to^ ^ ~ O unless ^>-=« < 
which case it = ^/^- ' We set C j^. - (lj^ f )~ . Jience at "X = £ - y 



Now set X = 6 — O . Thena^*- t= O unless <^o. 6> , in 

r 1 



1 if (<o,p*(^.Jy*) 
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and bo substituting in (1), 

thus in any case^ ^ H\ ( OC) =* ^ \l\(Gc) at x. = £ =0. 

We are now ready to complete the proof of the lemma. For any 
<5 defined (at least) on a nbd of Vt, , with 9 (U. \ C \X » we define 

) this is a function on \^ , and we have checked 



that at P we have Now choose , and 

then ^ , such that on tt^ , we have /< ( j^-, ^) > J) , provided 
|£| 4 S • Then l/V is the sat of maps ^ with ^ fll, , )£L and 
^^jO^^I) on » provided : this clearly defines an open 

set inM V . 

In particular, f or ^ £ , is nonzero on ]K f . By the 
Implicit Function Theorem (U.2, Part 0), the equations 



o 



def ine £ t , • ■ as smooth functions of X ( , . . . , , with/d<£), in 
an open subset of (points whose images under ^ are close to N ). 
By Sard's theorem, wl can find arbitrarily small regular values C° 
of this map. But at a regular value, ct^ , --'jclLp ai> e linearly 
independent functions of cix, , ■ • ; cijc^. ; and since R^,C*^iB 
nonzero, J ) . . , ( J are linearly independent functions of these. 
Hence the induced map f x-om N CL J~ (which admits the d H x as 
basis) to is monomorphic on K. ; f or £sc(x ( £.°^, i. e, (x. C*, | [( . . 
is transverse to N . Taking^ small, it also approximates 

It is now easy to prove the. general theorem: 
Theorem U*2 Let j^l be a submanifold of The set of maps 

'• V M transverse to N ie dense in /V\ ^ . 
Proof First let K be a compact subset of V . Then K can 

be covered by a finite number of the nbds 1/1 , of the lemma. The 
intersection of the corresponding sets ^ is an open nbd of -Q. , 
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and the subset of \\J of functions with | J^/ transverse to N 
is dense, by the lemma. By Baire's theorem 3.3.1, the subset of ^ 
■with K transverse to /V is also dense (Baire's theorem applies 
to an open subset of a complete metric space - see 2.9.1, Part 0), 
and is open, being defined by mapping a compact subset of V to 
an open subBet of a jet space. 

Since JL was arbitrary, we now see that the set of ^ with 
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K transverse to A/ is a dense open set. The result follows 
by a second application of Baire's theorem 3.3.1, ^ 
Complement U.2.1 If V is compact, the set of transverse 
to Nl is also open in /M^. 

This was established in the proof of the above theorem. ^> 
In general, the set of is a dencc GcS Bet; by further 
applications of Baire's theorem, we see that the set of satis- 
fying a finite, or even countable, number of conditions of the above 
type is Btill dense. 

We now derive a number of extensions of the above theorem: 
these are rather more useful than the result in its original form. 
Prop i+.3 If f~ is closed in V and is transverse to N , then | 

can be approximated by ^ , transverse to NJ , and with^ j F =■ £ | P. 
Proof Consider the subspace of M V of functions agreeing with ^ 

on V . Since, if ^ is such a function, A, is transverse to ^ 
above an open nbd of , we can apply Baire's theorem as in the 
proof of i+.2 (the spac-3 is clearly still complete). ^ 
Prop Let /\| be a cell-complex contained invJ^C^, m), with 

codim /s/ >diVwV. Then the set of -L with J" ( v ) disjoint from N 
is dense in . 

Proof by induction on dim hi . Suppose proved for dimension i- ^ 

Then any can be approximated by with ^ (v^) disjoint from 

the skeleton N . But now any ^. sufficiently close to p also 

x, — 1 i- 1 

avoids N , and we can apply the theorem to the manifold N "—(\f 

to make L transverse to (and so avoiding) that. ^ 
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Corollary Let N!^-T^"(v Mohave a eubcomplex K whose codimension 

(in \J ) is > Jir* V, and with N-k a manifold. The set of -jl with 
^ (v) disjoint from )K and trar.sverBe to K~K is dense. 

Proof As for U.U, any ^ may be approximated by ^ avoiding K , 

and then apply the theorem (taking an approximation close enough 
still to avoid K ). We obtain ^ , as desired. ^ 

Prop U.5 Let N bea submanifold of T^^V, x J '"(l^ , nQ. Then the 
set of Q. t £ M ( V ' x H^ 1 such that is transverse to hi 

is dense in M V ' x M ^ 

Proof Follow the proof of Lemma U.1 : we there found variations C f 

say of ^ ( , and £^ aj. Taking these as a simultaneous variation, 

the remainder of the proof can be completed without essential 
change. 

Prop U.6 Let N be a subnanifold of , J) a n 

open nbd of the diagonal A (v) in Vx V , C — V x V -lb . Then the set 
of £ such that (jlx£)|C is transverse to N is dense in IM^. 

Proof By 2.1.2, Part 0, we may cover C by a countable union of 

products of discs x where (A ]V are disjoint. By Prop i+,5, 
the set of pairs |. ( M,^;\l* —?> M with J!^ * i ^ transverse to M 
is a dense open set. It follows (from definition of topology on/^) 
that the set of : V ->> M with| X | |U* transverse to N is a 

dense open set. The required set is the intersection of all these, 
so by Baire's theorem (2.9, Part 0) is still dense. ^j£> 

Corollary U.6.1 Let N be a submanifold of J*" (V, J h (v, M)^ j-\ \M> M 
such that does not meet N . Then we can approximate 

-ji- by a map ^ , transverse to N , and with(^ *^A disjoint frbm fl 

Proof Since is closed, some nbd of^-X^^A also avoids N: we may 

take the inverse image of a smaller nbd as V) in the above. But for 
any sufficiently close approximation ^ to ^ , ^.xji^is still disjoint 
from N . ^ 

There are of course numerous results which can be obtained 
by a judicious combination of these extensions, but it does not seem 
worth attempting to formulate a common generalisation of them all. 
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Chapter 5 Applications 

ft/* \/^ 
Theorem 5.1 Let r** be a smooth manifold, /V a submanifold, V a manifold 

with boundary. Then any ^- : V — ^ M can be approximated by maps ^ 

transverse to M , and if 

is transverse to N , we may suppose 

P roof Apply Theorem k»2 with f~Q, and considering the submanifold 

V V * of V^M^J^V . The last clause follows from 

Prop. U.3. fj£ 

This was an early form of the transversality theorem, and is 
useful for applications to cobordiem theory. 

T heorem 5.2 Suppose 7*v.^2^*» Then immersions of V in M are dense in 

Proof Consider the subset j\/ of J~V^ ; consisting of singular^ 

jets; i.e. of jets where the matrix (^Vp) nas rank 'Cv* . This is 
defined by the vanishing of(W-v-f-1^ determinants in general, so is 
a simplicial complex of codimension at least i*v- v "+-1 ^ *v~+ 1. 
By Prop k.k, the set of maps > V — > M with J (v) disjoint from N is 
dense. . But these are just the immersions . 

Theorem 5.3 Suppose TVv^ihr+f. Then imbeddings of V in Mare dense 
in M ^, provided V is compact. If not, imbeddings as closed 
submanifolds are dense in the set of proper maps. 

Proof First suppose V compact: then any ^1 - immersion is an 

imbedding. Now any can be approximated by an immersion j , 

by Theorem 5.2. Since ^ is an immersion, for some nbd 7) ( of <&(v0 
in V* V, no distinct pair of points in i> ( have a common image under 

^ . We shall now apply Corollary k, 6.1 , taking |) c]^ and M as 
the set of pairs of jets in J with the same image 

(i.e.V* Vx & )• This haB codimension m, so since ^ >2V / 

£ x & is transverse to A/ on C = ^ ~ Z> only if 0( C ) 
is disjoint from N . But if approximates closely enough to ^ , 
by U.2.1, is still an immersion, and A. will not identify pairs of 
points which lie in 1> . Then L is (1- 1), and so an imbedding. 

For V non-compact, we express it as a countable increasing 
union of compact subsets V. . By the above, the set ofj* with.j!.|V. 
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an imbedding is a dense open set, hence the intersection of all these 
is still dense. Since the modification on ^- to be an imbedding on 
each can be made smaller as we move further out, we may find such 
an approximation to any proper map which is another one. The result 
then follows by 2.2.3, Part I. ^p> 

Even this is not the final form of Whitney's theorem - a further 
argument along the Bame lines proves 

Complement 5.3.1 If 7h^2v"-+ 1 » and j. : V — > fvj is proper onto £ (y} t 
then -jl can be approximated by an imbedding. 

We will not go into the details, since the argument really 
uses a different topology on from that considered above. Now 

we can similarly improve the results of Chapter 2. 

Theorem 5.U Nondegenerate functions are dense in . 

Proof (cf. 5.2 above). Let N be the subset of singular jets in 

y 1 (V>/£*) : this is given in local co-ordinates by the equations 
1/1^ = 0, so is a submanifold. By theorem Z4..2, the set of functions 
^ which are transverse to N is denBe. 

We now say that ^_ is transverse to H if and only if J^. is 
nondegenerate. P is a critical point of ^ when J) (P) » Q L M. 
Taking local co-ordinates as usual at P Q. we must calculate 

since at (D . j/ v = O . But the tangent space to N is spanned by 

and the^x^ (since U is defined by the equations 1A. ^ =0 ) , and 
these with the above span Tq^ if and only if the matrix "^^X^xj. 
is nonsingular, i.e. Q is a nondegenerate critical point of . ^ 
In fact one can make this a little more precise yet. If (Pi 
are the critical points of |L , recall that (J-(R<) \ are the critical 
values. 

Prop 5.5 Nondegenerate functions with all critical values distinct 
are dense. 

Proof Let N be the submanifold of J~'(v, iR) * 7 ' (V, R) given by 

pairs of singular jets with the same image (i.e. value). This has 
codimension 2v4- 1 (ae N in Theorem 5.k has codimension IT). By 
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that theorem, any J. can be approximated by °^ with only nondegenerate 
critical pointB. Since these are all isolated, there is a ribd 1^ 
of A (V) in Vx V containing no pair of critical (for<^) points; 
a fortiori, Cj_ (]>) avoids N . By Corollary U.6.1 , we can approximate 
^ by a map ^ transverse to (and so avoiding) N everywhere - of course, 
can still be taken nonde gene rate. <jj^ 

Such functions are called generic. In general, given / V* i fyi, 
a generic map of V to ie to be thought of as one which satisfies 
all the transversality conditions which can be stated in terms of V"W„ 
alone (using no special facts about ). To find a satisfactory 

general definition of the word "generic" in this context is still an 
unsolved problem . The abGve is the case 0^-1, and Theorem 5.3 
is the case TW-^lVH- 1 . We now discuss a very general case, : 
namely when 2- / *w ^ 5v ; we shall use the results later, for 
Haefliger's imbedding theorem. 

We need to make, in all, six applications of the transversality 
theorem. First, let be the subvariety of X* r / l)consi sting of 
jets with rank < V"" *• 2. (here, we use " variety " to denote a manifold 
with singularities - for our purposes this may be defined as a 
countable, finite-dimansional CW-complex). For a (y xTvy^matrix to 
have rank V- Z, imposes some conditions: now in an open subset of 
the space of such matrices, the first V- 2. columns are linearly 
independent, and the condition is then that the remaining ~^~-f' 2-^ 
lie in a subspace of IR of codimeneion Z . Hence the codimeneion 
of this set of matrices, hence of M } , is ~ V> 2^, which is . 
greater than V if I'm. £ 3 -\r-3 » so by Prop h.k, the set of ^ with 
§ (y^) disjoint from N , ( is a dense (st^-set. 

Next, let K^be the subvariety of CT^V, consisting of 
singular jets (i.e. of rank ). Then by Corollary we may 

suppose transverse to N^(since the singularities of all lie 
on /Vj), Hence, by Lemma ^'Oj^ (^^) is a submanifold of V , 
whose codimension is that of , namely^ -T+ i). We call this 
the singular manifold X of |!: at each point of 2. » 4£ has rank 
('V-^l). The dimension of £1 is (l V- tk - l). 



II.5.U 

Now let hi ^ be the subvariety of J (V t*) consisting of singular 
jets of rank V-1 f a function at f 3 such that Ke^f^^p^ £.^> , and 
jets of rank . Since J_ has codimension (W -V + 1^) , the 

condition Ke/v (dJL)pC^p imposes^ -AT+l)furt her conditions, and H 
has codimension 2-(^ -^"4- l) , By Prop k.h, provided this exceeds V 
l.e.llK>'lv - 1 , we may suppose that|(V) avoids ^ . Observe 
that this means that at each point of , d^^Cc^djL^ is not tangent 

» We now phrase these three normalisations in terms of 
analysis. First take co-ordinates in V and and the usual 
co-ordinates in the jet space J '^V M). Then we have 

where, we recall, U t J = ^y^^, . Now by the first normalisation, 
at each critical point P , dj. has rank 1 r - 1 . We suppose co-ordinates 
chosen so that at P , spans kea (§p, thus at V , Or^djX^/^** 

Then at Q — (f), ^^may be locally described as the set of 
jets such that the first row of MA . Jis a linear combination of 
the rest, i.e. for suitable L\ , \K+ U ~ ^i^i > I for all L . 

Hence the tangent space to N 2 at Q. has as basis the /^^^ , 

\\X'^( i * 1 ) and ^ic^' where *%Ei -^^^'P^^il' Now the 
condition that |. is transverse to 

states tha^ the space spanned by the "^QU^^ is also spanned by the 

^j- u W (from K)*). and the ^ ^ V^x^k 'H^i,/ 

(fromdJL iy )• Also, the condition that is transverse to ^ 
i.e. dj C < ^X 1 ) * B not "tangent to Ni^ , now states that the first of 
the last set of vectors is linearly independent of the firBt set 
(they are linearly independent of each other since c/^. has rank V — \ ). 

To simplify this, first choose the co-ordinates in V so that 
the ^i>Ci (rvt-v+l £ 1 ^. v) span ^ then the ^(^J^. .) corresponding 
lie in(N^)^. The matrix whose rows are( ^^}( -^Xx 2 -^^ v "" an<a 
C vSx 1 ^x^ 1 4i^ 7Vv -Vf now nonsingular: we make a linear trans- 
formation of the ^ to reduce it to the unit matrix. Then by 
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Taylor's theorem, 

^ 4- q/^... x v u 

and for 2U^m-Vf1, + v-1 = *i X t + ^ v-1 ^ ' ' v 
where the are quadratic, and dots represent terms of higher order. 
Finally, put 3Cj -X^Qjfcv ' • 'V^ ^ i = ^ i - Q ( ^ , and 

y^v-i s ~ ^> -v-1 v) - clearly all allowable 

changes - and the quadratic terms drop out too, bo that moduls terms 
of the third and higher orders, ^- is described in a nbd of P by 

We shall see later that by further co-ordinate transformations, ^ 

may be seen to take exactly this form. 

Our further normalisations are concerned with double points, 

rather than singular points, of -jL . Next let N^be the subvariety 

°f T^(y, M) x J" 1 (V,M) consisting of pairs of jets with the 

same image, one of which (say the first) is singular. We wish to 

apply Corollary 4.6.1. Now certainly in a nbd of (P, P) L V K V, 

the image of £ avoids is not a singular point. Suppose 

then P L . Then in a nbd of P , the function -jl is described 

by the equations above. If^O^O, -O^ •= £ (^-^ > :t 1 _ ' " > , for small 

X.3 then to the second order in them, X; = (j. ^. l £ v) , equating 

V L Z f * 

the corresponding ^ , and = O , equating the corresponding^)^ 

Hence all the DC^ vanish. So in some nbd of (P,/°),J!. * does 

avoid except on A (S.) ). Since /S/^ has codimension 7H + (l>i ~ ""-m), 

greater than 2 y- if ^ 3 \r» by Corollary 4,6.1, we can approximate 

| by a map (let us again call it ) such that ^ avoids N^.' 

Now let IVj-- be the subvariety of consisting of pairs 

of jets with the same image. Again, before we apply the theorem, 

we must investigate the nbd of a critical point P . We shall 

use equations (1 ) as exact - the error will alwayB be Bmall; and 

we suppose 3C not of a smaller order of magnitude than the other 3C* 

(otherwise, refer co-ordinates to a different point P on £ ). 

Then clearly two points (^v "'^)( yC i> '" ' X v3 nave the Bame ima S e 
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only if 

so for distinct points, x{ = -X^sd = = O (2- 4*-* 'm.-V+l) ■ X^=JC^ 
^/yu — v-h 2, 4- \ $ *\r) . Now we have 

for 1 U ^ m-v* 1, q/JL ( * + * 1 ^^vfY-l 

and forTH -V+ 2.^1^ v-, ( ^X^) - 

and for the other point, change the sign of DC, * Then since X 
it is clear that these vectors span the tangent space to M at 
the common image of the two points. 

Now to say that I. is tranBverse to /^g- is the same as to 
say that when -$.(P')~<$, then d^V^)^ d|_ ( V^ = We check 

this near the diagonal: if two adjacent points have a common image, 
they are adjacent to a critical point, and we have Just checked the 
condition in the ribd of a critical point. Hence we can apply 
Corollary U.6.1 , and suppose-^ transverse to N ^ (except on AV ; 
where the condition does not make sense). Thus the inverse image 
of N,- in VxV is a submanifold: this is not tangent to (say) the 
first factor V (except at a critical point), so its projection in 
the second factor V is an immersion. The image is the set of 
double points A of . 

Finally let W / be the subvariety of T"x J °x J"° consisting 

to 

of triples of jets with the same image. We again apply Corollary 
ij.,6.1 strengthened for triples (instead of pairs). First check 
that three points of V , of which two are neighbouring, cannot have 
the same image under '-^ ; now the neighbouring ones must be near a 
critical point P , and a point distant from P has a distant image 
(by the fourth step), and from the details above, we see that three 
points close to P cannot have a common image. Hence we can make 
^- transverse to ; since this has codimension 2. ft , we can 
avoid triple points if 1^ > 3> V. 
Theorem 5.6 Let V be smooth manifolds, i^>3>-V. Then any • ^ 
may be approximated by an .JL , which is an imbedding except as 
follows. There are double points, forming a submanifold A of 
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dimension Z"\r-7>i, and singular points, forming a submanifold £1 of 
codimension 1 in /J . Near Z. , ^- is given locally by (1). Hence 
■£=.£. (A) is a aubmanifold of M with boundary S = £ (.%-)■ 
Proof We have seen that A is an immersed submanifold; when 

there are no triple points it is imbedded. That A remains a 
manifold near £ , with 2_ as submanifold, follows from the equations 
above: A is Bimply given by X - O (lit ^ - V"+ l) (modulo higher 
terms). Moreover J-^") is also clearly a submanifold, except 
perhaps near (Jl) ; but there it is locally given by ^ ^ O t 
^ = 0(z 4 j. 4. Yn - ^4. >i an d T+Uj ^m) which makes the matter 
quite clear, -P 5 
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Chapter 1 Existence 

Definitions Let W be a manifold, and suppose o_W and disjoint, 
manifolds with union o\h Then the pair (W^-^.W) is a cobordism . We call 
the pair (¥, ^ + lf) the dual cobordis m. We also call W a cobordism of to 
<3> + -W, and say Vhat ^_W, ^ + W arc- cobordant . If W is a manifold with corner, 
and £)_W, ^ c If, "^ + W are parts of the boundary such that ^-W and ~d + V are 
disjoint, = A" = iM^_ ¥ U^ + W), we call W a cobordisni with corner. 

We shall usually denote a cobordism by a single letter and often just call 
it a manifold. For example, we usually regard a product M x I as a cobordism, 
with })_ (M x I) .= M x 0, ^ + (¥. x I) = K x 1; if K has boundary, write 
.. x I) = K x I. Our manifolds will bo compact unless otherwise stated. 

Suppose vf^ a cobcrdisrc, f ; S* -1 x D m ~? — M an imbedding. 
Introduce a corner (1,6.5) along f(S r ~ 1 x S m-r_1 ) . Now glue D r x D m_r to 
M by f (1,7). We know this gives a result unique up to dif f eomorphism. 
This is described as M with an r-handle attached by f , or as MU f h r , and f as 
the attaching map of the handle. We call r the dimension of the handle. We 
define } + (iMch r ) = (M - Jinf) O (D r x S m ~ r ~ 1 ) . If we have a sequence of 
attached handles: 

il = KG „ h V U h , 
*1 f k 

we describe this as a handle presentation of IT on M; if the maps f^ are 
not specified, as a handle decomposition . In particular, if M = 0. x I, we 
speak of a handle decomposition of N with base Q (here, Q may be empty). 
Observe the similarity of this definition to that of a C.W. -complex: one 
of our main objects will be to show how the theory parallels that of finite 
C.W. -complexes, ^he purpose of this chapter is to prove the existence of 
handle decompositions for compact manifolds: in the next few chapters we 
will show how to reduce such a decomposition (under some hypotheses) to 
its simplest form. 

To prove existence, we shall use nondegenerate functions. 



Lemma 1.1 Any cobordisra ¥ admits a nondegenerate function f , with all 
critical values distinct, attaining an absolute minimum on ^ V/ only, 
and an absolute maximum on ~h M only. 

Proof Let ^ _W x I, x I be tubular neighbourhoods of ^_¥, which 

are disjoint (1,3.1 ). Define gs¥ — >[-1,2] by: 

for x £ ^ \[ g(x,t) = t-1 ) 

) (D 

x £ V f » g( x ,t) = 2-t ) 

and some extension to a continuous function taking only values between 

and 1 elsewhere: this is possible since ¥ is normal. Approximate g 

by a smooth function h, agreeing with g near ^¥ (use a partition of unity, 

as in 0,2.1.1). Now approximate h by a nondegenerate function f with distinct 

critical values (11,5.5) agreeing with h, and so g, near - which is 

possible (II, 4. 3) since g and h have no critical points in a neighbourhood 

of ^¥. 

Complement 1.1.1 We may suppose that for x close to f is defined by 

the formula (t). 

How give ¥ a Riemannian structure (0,3.3) adapted to the boundary 
(D29); for convenience we suppose it as in (1,3.3) - that is, a product 
metric in some neighbourhood of £>¥. Then the differential 1-form df 
induces at each P€.¥ an element dfp of ¥p ; using the Riemannian structure, 
this is identified with an element of i'.'p - i.e. a tangent vector. Thus df 
gives a vector field, which we call \/ f . 

In ¥, we can use (0,4.5) to integrate f and obtain orbits p (P), each 

defined for a certain range of values of P. Wear a point of ^_-¥, we can 

take coordinates x ,..,x such that ¥ is defined by x^ ^> 0, x is the 
1 n J 1 ^ ' 1 

t-coordinate in the tubular neighbourhood , so that f(x) = x^ — -1 , and the 

Riemannian structure is of the form d's 2 = dx.,^ + X . n „ gn i dx. dx . 

1 i, j=2 OJ -J i 3 

Kence Sj f agrees with ^x^ in such a neighbourhood, and orbits are of 
the form 

f> ± (x 1 >..»>x n ) = ( Xl + t,x 2 ,...,x n ) x 1 ^5-0, Xl + t^.0. 

Each of them meets ¥ in just one point, and together they fill out a 
neighbourhood of W in a 0-1) manner. Similarly for ^ + ¥. 

If we regard $ (P) as a function of t, it is smooth, and we have a 
metric, so can speak of speed. 
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Lemroa 1.2 

(a) ^(V P )),'t = o= Kl 2 

(b) The s-peed of J8 (P) at t=0 is |df [ 

- . -' t P 

Proof 

(a) ~- f ^ t ( p ))| t=0 = Vf(f)| p by definition of 

= df(Vf)] p 

= < df P ' df p> = \%l 2 , 
in the Riemannian Inner product on W^, since this defined \Jf> 

(b) Take coordinates (x 1 , .... , x^) at P (so that P has coordinates 

(0, , . . ,0) ) such that at P the Riemannian metric agrees -with the standard 

metric in E n , Let df = 2_a.dx. : then 

l r - ■ 

\7f =2Za. ^ (at P) 

i 

Thus, at P, >) ft t (P) 

so the speed of 0,(P) at P is just (Xaf)^ = I df I . 

t i p 1 

Now suppose P £ and that the maximum range of t in which )9,(P) 

t 

is defined is (a,b). 

Lemma 1.3 Suppose V compact. Then either a is finite and as t ^ a, 

P (P) tends to a point on ^_ ¥, or a = - o& , and the closure of each 

"fc 

[(0^(P) : t ^ -il)^ contains a critical point of f. (Similarly for b). 
Proof If a is finite, by Lemma 1.2 (b), the points ^(P) form a Cauchy 

sequence as t ?a (Since ¥ is compact, j df [ is bounded); since W is 

P 

complete, they tend to a limit point Q. If Q was interior to W, it 
would follow that Q was on the orbit, which could then be extended: 
thus Q is on <^ ¥, Since by Lemma 1.2 (a), 1 increases along each orbit, 
f(Q) < f (P), so Q is on "^-¥. 

Now let a = - c». Then by Lemma 1,2 (a), 

dt 

converges. So J df^ ^[ has infimum zero as t- — ^ - oo. Outside any 

' "fc . 

open neighbourhood of the set of critical points, |df| is nonzero, and 
attains its lower bound (by compactness), so /^(P) meets any such 
neighbourhood. But the set of critical points is compact, and so meets 
the closure of the orbit. 
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We are now ready to analyse the function f . For write 

M & = {P£. V : f (P) = a}; , 

thus for a<-1 W a = M a = 

a = -1 W a = X ••' M a = ^_ V 

a = £-1 W a =^_Wx[0,£] M a =X^x£ 

a = 2-£ W a = W-^ + W x [0,£] M a = > + W xL 

a = 2 W a = ¥ K a = S + V 

a > 2 W a = ¥ M 6 = 

provided that £1 is so small that V x [o,t] (i|= +,-) are contained in 

I. V a b 

the neighbourhoods described earlier. Clearly, for a < b, W CL W ; we 

b a 
want to describe how V is f ormed from W . 

Theorem 1.4 Suppose that for a$ c$b, c is not a critical value Of f . 

Then (a) f~ [a,b] is dif f eomorphic to M x [a,b], 

b a 
(b) ¥ is diff eomorphic to \f 



Remark Since a,b are not critical values, M a , M** and f ^ [a,b] are sub- 
manifolds by (11,4.0). 

Proof (a) Let a^If(P)^b. The orbit through P must terminate (at the 
lower end) at a critical point or at ^_W, by Lemma 1.3. In either case it 

meets M a , for we have assumed the absence of critical points in between. 

b a 
Similarly it meets M . Since f- increases along orbits, the .orbit nests M and 

b 

M in just one point each. 

Define a map h : f~ 1 [a,b] — £ M & x [a,b] as follows. If ~ .■ 
a^f (P)^T b, the first component of h(P) is the unique point where the 
orbit through P meets M a . The second component is f(P). h is (1-1 ), 
for if h(P) = h(Q), then P and Q lie on the same orbit, and have the same 
value of f; since f increases strictly along orbits, P=£. Also h is onto, 
for if R £M a , we know ^hat the orbit through R meets M**, so if a < t«^b 
there is one- (and only one) point P on the orbit with f (P)=t, and so 
h(P) = (R,t)« Further, h is smooth, for if h(P) = (0 +t (P) ,f (P) ) , f is 
smooth, and f> ^{i) a smooth function of t and P (0,4.5) and since 
^jj^ t^ ^ is nonzero on the orbit, t is a smooth function of PjfC&^P)), 
and f=0 defines t as a smooth function of P. Finally b~ 1 is smooth by a 
similar argument. 



(b) It follows from (a) that is obtained from ¥ a by glueing on 

M a x I along M 2 ". The result now follows easily : using a tubular 

neighbourhood of M a in W a and the bump function, we could produce an 

explicit diff eomorphism, and even a weak diffeotopy of it with the 
b 

identity map of K . 

Complement 1.4.1 If V is a compact submanifold of V, containing no 
critical point, and with "^f nowhere tangent to ^jV, and ^_-V is the set 
of points of &t which \7f points into V, then V ^ V x I. 
The proof needs only inessential changes. 

The above shows that "as long as a_ does not pass through a critical 

a ' "■ 
value, the diff eomorphism type of W remains constant". We now have to 

investigate the critical value. 

Morse lemma Let f be a smooth function on a neighbourhood of in jR 
with Taylor expansion 

f(x)=-r > >2 + + 0(|xf 3 ). 

Then there is a smooth co'ordinate change y=y(x) such that 

= I , and near 

n * 



y(o)=o, 



n* 

o 



f(x) =-X iy . y. . 

Proof We have f(0)=0, so by (0,3.1) there exist near smooth functions 

— >f I 

f. with f(x) =^.x.f.(x). Also, f.(0) = ~r— = 0, so we can apply the 
1 11 1 <3 x ilc 

result again to obtain h^. with f^x) = ^Zx^hu.. (x) . Write 

a . .(x) = i(h. .(x) + h..(x)). We think of f(x) =X.g. .(x) x.x. as a 
quadratic form, and diagonalise. Note that 

n 

j=i "ij j 




Set y 1 = (- g 11 (x j) (X. j =1 g lj x j) » where the sign is that of £.,.,(0). 



Then ^ v = - 1, d V. = if i>1 , and 

We now repeat the reduction, observing only that although g'^Cx) 

depends on x x ve can express x-j^ by y , and the dependence is smooth. 
Eventually we obtain the required result. 



Theorem 1 .5 Suppose that for a <Tf(P) <T b there is just<pfc ne 

critical pointj C", which is nondegenerate and with f(0)=2jT, Then 

b a 
¥ is dif f eomorphic to W with a handle attached. 

Proof Our discussion of orbits in Theorem 1 .4 remain&i valid except 

I 

for those orbits with as a limit point, ¥e must therefore investigat 
a neighbourhood of 0„ Take coordinates y 1 7o.. s y , witb\ as origin : 
then in a neighbourhood of we can expand "jV 

f (y) = c I- Ha y y + 0(|yjj 3 ) (a..=a. ,) 



Here ( a .£j) ^ s ^ ne matrix of the Hessian of f at 



assumption, this 

is nonsingular. Making an appropriate change Of coofidinates , we, can 



diagonalise this quadratic form, and write 

f(x) = c - -,„.-x^ + + ... + x^ + $(|x| 3 ). 

The integer \ is called the index of the Hessian, cCif* of the critical 
point 0„ 3y the Morse lemma, we may suppose that /?he term 0(|x( 3 ) i.< 
absent. It will be convenient to suppose that the |Riemannian struct*e 
agrees with the Euclidean structure .in this coordiijtte system : it i 

certainly possible to find such a metric. | 

2 2 i — 1 1 

We draw figures for f(x) = c-x. + x„ , showimg W and If 





a 2 2. 

In this case the curves M & are hyperbolae with asymptotes y =x " 

except for M° which is this line-pair, and as a increases up to zero, 

V a increases without essential change, but it engulfs the origin when--- 

a=0. 

Choose £ so small that for jx| + <^ 5 £. , the above formulae 
are -valid, Now consider ths following modifications: 





Introduce a corner' 




Add a handle 
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This shows how to imitate \J ^ . ?ormally, mite x = (£ , ft ) , where 
£ = U.,,...^^), 1^= U^ +1 ,...,x n ), f(x) = c -||| + | r ,| , and 
consider the tube |?;|<Tc C : this is the handle.' 

Let V be a' smooth manifold with corner which 



(i) Coincides with |v|| ^ £_ j;> ^ near |§[ = • Tnis includes 
the corner |J:[ ^ ) r |J _£ . , . ^ 
(ii) Coincides with W~ - when ]xj + \ y\~% 5 c, and contains W _t -. 
(iii) : I-Ias everywhere transverse to the orbits. 
This may be found using a bump function. 

Then by (1,6.4) M~ ^ is obtained from V by straightening the corner - or 
equivalently, (1,6.5), V from M~ ^ by introducing one. 



Now I |wf defines a product D ^ x D n ~ ^ , which meets V in 

the set ^ ' 811 ^ A ^ x on * ne:i - r common boundary. 

Since the union U is evidently smooth, and V and" D x D - are defined 
by cutting it along S x D n ~^ , by (1,7.2) (in the extended form), 
U is obtained by glueing these. Now we observe that U is a smooth manifold, 

transverse to the orbits, with no critical points between it-and M* 5 ; thus 

b ja. 
by complement 1.4.1, we find W dif f eomorphic to U. But U consists of «" 

with a -handle attached. 

Complement 1.5.1 If the Kessian of f at has index X , we attach a 
^-handle. 

Complement 1.5.2 If there are several nondegenerate critical points at 
level c, we attach several handles. Indeed, we can apply the above 
argument in a neighbourhood of each. 
Corollary 1.5.3 W has a handle decomposition on 

It is also possible to proceed in the opposite direction. 
Theorem 1 .6 Given a handle decomposition of W on~^_W, there is a 
nondegenerate function f on V (as in Lemma 1.1) with just one critical 
point of index X f or each ^V-handle. 

Proof The result is proved by induction on the number of handles! if 
there are none, ¥ "= x I, and we take f as the projection on I. Now 

let r y be defined by attaching all but the last handle: by the induction 
hypothesis, f can be defined on V, constant on V. So if we can 
define f on (^) + Vxl)uh\ we can glue back (using collar 



neighbourhoods of "^.-V on -which f reduces to a projection) to make 
f smooth. Zence ve may suppose that ¥ has only one handle. 

How let g : S^""* x d" 1 "^ be the attaching map of a 

X— handle. Let R be the closure of the complement of the image. 
Consider the set K CB^x l""^- defined by / -1 $ -|x| 2 +fy| 2 < 1 



l*l 2 h 



define ^_H, ^ + H by -jx/ +\yj = -1 resp. + 1, and ^ ^ 

J H 





^ C H by |x| 2 |y| 2 = 2. Define G q : "" 1 x D n ~A_^>)_H by 
G(u,v) 5f.X(l + _|y/ 2 )^ u,v) s this is easily seen to be a dif f eomorphism. 
Define 2iZ — ^ [-1 ,1 ] by J?(x,y) = -U( 2 +ly| 2 . Wow we attach H to 
R x [-1,1] to f orm ¥' by.G: ^ H- >S^~ 1 x S n "^x [-1 ,1 ], jrhere 
G(x,y) = (^-, i^-, P(x f y)). 

Define f:W — by flH = F, ffR = projection. This is clearly a 
smooth function, whose only critical point is the nondegenerate one in 
H. ^_W'is diff eomorphic to ^W: take the identity on R x -1 , and 
extend by g oG^ on ^_ H. Finally, this process gives a manifold 
dif f eomorphic to that obtained by attaching a handle by g: if we use 
the construction of Theorem 1.5, it suffices (by a, remark in the next 
chapter) to observe that we have the same attaching sphere and no.rmal 
framing. 
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Cha-pter 2 Normalisation 

We could now proceed immediately to make various deductions about 
smooth manifolds from the existence of a handle decomposition. First, 

however, it is convenient to normalise a presentation. Recall that 

r r m— r 

MU^h is defined by attaching D x L to h using an imbedding 

. „r-1 r m-r 

f s S x v — »^> + K. 

It follows at once from the diffeotopy extension theorem that this is 

determined up to dif f eomorphism by the diffeotopy class of f , for if g 

is a dif f eomorphism of M, g induces a dif f eomorphism of Mu^h with 

KU h . By the tubular neighbourhood theorem, it is even determined by 

i r-1 

the diffeotopy class of f = f|S x together with a homotopy class of 

r— 1 

normal framings of f(S x 0) in , M. 

Definition Let i'iU,h r be a manifold with handle. The attaching sphere 

(or a-spher^) of kt.is the sphere f(S r_1 x C) in M. The belt sphere 

(or b-sphere) is the sphere C x s" 1-1 " -1 in o» + (t'iu,h r ) . The core is the 
r 

disc t x 0. 

Lemma 2.1 ;tet x < s. Then (My h S ) [J h r may be obtained from M by 
" ^ r g 

attaching the handles simultaneously, or in the reverse order. 

s 

Proof Let m = dim M, i>- = ^ (My^h ). Then we have in £ the a-sphere 

S r_1 of h r and the b-sphere s m-S " 1 of h S . Si^ce (r-1) + (m-s-1 ) = 

r-1 

m-1-(s+1-r)<^ m-1 = dim Q, by (Ii,5.l), S may be approximated by a 

sphere not meeting s m ~ s_1 • if the approximation is (C 1 -) close enough, 

we still have an imbedded sphere ,diffootopic to the old one. By further 

r— 1 

diff eotopies, we may make S avoid the tubular neighbourhood 

D S x s m ~ S_1 (using the diffeotopy extension theorem, and the obvious 

r— 1 

fact that the tubular neighbourhood may be 'shrunk' to avoid S ) and 

r — 1 ni — r 

shrink the tubular neighbourhood S x B so that this, too, avoids 
D S x S m ~ S_1 . Eut now the attaching map of the r-handle is disjoint from 
the s-handle: its image lies in ^M, and the handles may clearly be 
added in either order. 

Corollary 2.1 .1 Any ¥ has a handle decomposition on £>_ W with the 
handles arranged in increasing order of dimension. 
Follows at once by induction. 
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sm 
m-r 



From now on we shall generally assume that handles have been- 

arranged in order of increasing dimension. Next, we consider handles 
of consecutive dimensions. To clarify the exposition we describe 

only the case W^^U^h 1 (J^ + ^ : write M 10 for ^(Vi^h 1 ). In M* 11 we 

r r+1 m—r r 

have the a— sphere S of h and the b— sphere S of h . These have 

complementary dimensions. 

By (II, 5.1) the imbedding of S r may be approximated by a map transverse 
m—r 

to S ; if the approximation is close enough, we have merely altered 
the imbedding by a diffeotopy. Wow since the dimensions are complementary, 
and the map transverse, intersections are isolated points; since S is 
compact, there are only finitely many. 

r m—r 

We now take an intersection P of S with S and normalise 
S r x D m_r in the neighbourhood D r x S m-r of P in M. Regard P as in s" r , 
so the point is x P. First we will deform part of S near P to lie 
along D x P; indeed, by the implicit function theorem (0,4.2), the 
projection of f (S r ) in D r x S m_r to D r x P is locally a dif f eoraorphi 
at x P, and there is an obvious diffeotopy along great circles in S' 
It is easy to extend this diffeotopy to S , without introducing any new 
intersections wi th . Next we observe that the tubular neighbourhood 

D r x S m_r of x S m r can be shrunk, by a diffeotopy, to a smaller 

r m—r r r 

concentric tube D x S intersecting S in a subset of the D x P above. 

We can extend this diffeotopy (by the D.E.T.) to one of M, and, if we 

prefer, apply the inverse diffeotopy to f(S r ); this has the effect of 

r r r 

stretching out the part where S lies along D x P to the whole of D . 

Finally, choose a tubular neighbourhood T of P in S m ~ r j then D r x T and 

r m—r r 
D x D are two tubular neighbourhoods of D in H, and so diffeotopic 

(by the T.N.T.); use a diffeotopy to move the imbedding of S r x D™ r 

so that they coincide. 

The same process can be done for any intersection other than P. 

Definition In W m+1 t)„h r U h r+ . the handles are in normal position if 
f g 

all intersections of D r x s" 1 "' 1 ' and S r x D m ~* r are of the form dT x D m_r , 

x 1 

r in^r r ni^r 

where x D J D x S is given by the identity on the first 

factor and an imbedding (those for separate value* of i disjoint) on the 

second factor, and taking the product; and similarly for 
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D . x D. -4 S x D 

11 ^ 

Then the argument above proves . 
Theorem 2.2 Any handle presentation of (W, ^-W) may be modified 
by diffeotopies so that. 

(i) The- handles are arranged in increasing order of dimension, 
(ii) Any two handles of consecutive dimensions are. in normal 
piSsitlon* 
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Chapter 3 The homology and homotopy of handles 

It follows from the definition that there is a deformation 

retraction of Mu f h r = M» f (D r x D n-r ) on My^ (D r x 0), so that up to 

homotopy, attaching a handle is the same as attaching a cell (its core). 

r n— r 

In fact, it is clear that, D x D deformation retracts on 
r— 1 n«-r r 

S x D uD x 0. This gives a very close connection between handle 
decompositions and cell complexes. In particular, we deduce the following 
from Corollary 2.1.1. 

Pro-position 3.1 If W is closed, it has the homotopy type of a finite 
CW complex. In general, (W,^_W) has the homotopy type of a finite C.W. 
pair . 

Proof The first statement follows by taking a normalised handle 
decomposition of W and replacing each handle by an equivalent cell. In 
fact it would not be difficult to show (using the methods of Chapter 1 ) 
that in this case V is even homeomorphic to an appropriate finite C.W. 
complex. 

For the second statement, note that by the first, we can regard 
as a finite cell complex, and again apply Corollary 2.1.1. 

Ve now discuss duality. Observe that with f, -f is also nondegenerate . 
Its critical points coincide with those of f, but if f has index 'Xat 0, it 

has locally the form 

»i \ 2 2 2 2 

f(x) = C-X.J -. ..- + x-^ +...+ x^ 

and -f has index n— \ . Using the correspondence (Theorems 1.5 and 1.6) 
between nondegenerate functions and handle decompositions, we find the 
following. 

Pro-position 2.2 Suppose W has a handle decomposition on "^L-W with 

^ r r-handles for ^ t £ n. Then it also has one on ^ + V, with 

o( (n-r)— handles, 
r 

If we ignore corners, we may identify the handles in the two cases, 
and obsexve that in the reversal, a- and b— spheres are interchanged. 
Now up to homotopy we may replace handles by cells. For homology, we 
have chain groups 

C r (V, = ••• + ^ (<* r times); 



we must calculate the boundajry. hjamqmorphism 

>. C r+1 Of, >C r (W, ^_¥). 

This is determined by incidence numbers, cue for each r- and (r+1 ) -handle. 
Lemma 3.3 The incidence number of handles h r+ ^ and h r equals the 
intersection number of the a-sphere S of h and the b-sphere 
S n - r - 1 of h r . 

Proof Here we shall write ¥ , = 0_W x all s-handles ' f or S5jr, 

and M = ~c) + ^ T+ x ' * ne lutersooiion nnmh^T. is taken in M, where we use 

Lemma 2.1 and add all r~handles simultaneously. A word about signs: the 

cells in the cell— complex (D r x 0) are arbitrarily oriented; this— induces 

r-1 

orientations of their bounding a-spheres S and of the 'normal bundles of 

their b-spheres. If an a-sphere S r and a b-sphere S n meet transversely' 

at a point, we take the sign + or - according as the orientation of S does.„ 

n— r— 1 

or does not agree with that in the normal bundle of S : thus 

orientability of W is irrelevant. If, though, \f (and hence M) _is oriented, 
orienting the normal bundle of a belt sphere is equivalent to orienting the 
sphere, and we can count multiplicities in the usual way. 

Now we may suppose that S r meets S n-r ~"^ transversely: then the 

intersection number agrees with the (local) degree of the projection 6f 

r r . 

S on the normal disc D ; but this degree is the required incidence number. 

Theorem 3.4 ( Duality Theorem ) If W is orientable, K (Vf ,' W) ^* -H n " r (V^ + -W) . 
Proof By Proposition 2.2 we can identify the chain groups of (iff , S_ VJ ) with 
the chain or cochain groups of (W,^ + W). By Lemma 2.3, the incidence 
numbers are the same up to sign (only a-spheres and b-spheres are inter- 
changed) and the isomorphism identifies the one boundary with the other 
coboundary. 

Corollary 3.4.1 (Poincare* Duality) If e)W = 0, H r (W) = ■H n " r (V). 
Corollary 3.4.2 (Lefschetz Duality) H (V) *.E^ r (V,^V) 

H r (¥) ^ H n _ r (W,3W), 

The proof above is surprisingly reminiscent of the earliest proofs 
of the result, but of course is only Valid for compact smooth manifolds. 

As a special case of homology groups, we mention connectivity. 
We retain the notation of Lemma 2.3. Observe that the a-sphere S 1 of : 
a 0-handle is the empty set; ' in fact a 0-handle consists precisely of 
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an n-disc, disjoint from ^ — W x I. Now the a— sphere S of a 1-handle is 

a pair of points: ' these may or may not be in the same component of W^. 

If not, the 1— handle connects the two components; but if they are, the 

corresponding handle does not affect connectivity. 

If ^ -¥ is nonorientable then so, of course, is V. If, hovever, 

-W is orientable, so is ¥ 2 , since adding a disjoint set of discs has 

no effect. I'Tor does adding a set of 1 -handles which connect different 

l 

components of 'T 2 (we are thinking of 1 -handles as being added in turn, 

not simultaneously). However, the attaching map for a 1— handle is a map 

of S° x D 11 "* ^ _ i.e. of a pair of discs. If these are mapped into the 
i 

same component of W 2 with opposite orientations, then the orientation of 
1 

W 2 can be extended over the handle; but if ■with the same orientation, ' .. 

1 1 - 
V 5 is nonorientable. Thus if, say, ¥ 2 is connected and orientable, we 

may speak of orientable and of nonorientable 1-handles. It is now easy to 

see that r-handles for r i 1 do not affect orientability; for they 

introduce no new (potentially orientation— reversing) elements of the 

fundamental group. 

This illustrates how the addition of handles affects V; we next 

discuss what happens to the boundary on addition of a handle. 

Definition Let M 11-1 be a manifold, f s S 1 " -1 x : D n-r ->-M an inbedding. The 

operation of removing the interior of the image of f, and attaching 

r n— r— 1 I r— 1 n— r— 1 
D x S to the result by f | S x S is called a spherical 

modification of M, of type (r,n-r). 

We observe the following: 

(51 ) The effect of a spherical modification is determined by f - even 
by the diffeotopy class of f (by (1,4.2)). 

^ r 

(52) The modification gives a manifold li with the same boundary as M: 
in particular, if M is closed so is M . 

(53) Set ¥ = (M x I*h r ). The manifold ¥ (with corner, if M has a 
boundary) thus has M, M'as a> ^+W; we may call it the supporting 
manifold of "the modification. Also, ^¥=<)MxI. 

(54) If M'is obtained from M by a spherical modification of type 
(r,n-r), we can obtain H from M'by one of type (n-r,r). This is 
essentially the remark that we made above in discussing duality. We 
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have the same supporting manifold for both modifications. 

We recall that if a cobordism W has M = ^_ W, 1J = ^ + W, M and N 
are called cobordant. 

if ivr , ir are oriented, they are cobordant in the oriented sense 
if V* is oriented, and W induces the given orientation of M, and the 
negative of. the given one on IT - this is usually written as ^ W = M U (-N). 
Proposition 3.5 are cobordant if and only if one may be 

obtained from the other by a series of spherical modifications; if 
oriented, they are cobordant in the oriented sense if and only if, in 
addition, the modifications of types (1 ,n— 1 ) and (n— 1,1) all correspond to 
1 -handles of the orientable type. 

Proof The first statement is an immediate consequence of (S3) and 
Corollary 1.5.2; the second follows from that and the discussion of 
orientability above. 

Finally let M'be obtained from M by an (r,n— r )-modif ication: we wish 
to discuss homology and homotopy. There are two approaches: to use the 
supporting manifold W = (M x I) U^b r or the intersection X = KnM'. For, 
up to homotopy, W is obtained from M by attaching an r-cell, and from M' 
by attaching an (n-r)-cell. On the other hand, M is obtained from X by 
attaching an (n— r)- and an (n-l)-cell, and M'frcm X by attaching an r- 
and an (n-1 )— cell. 

Proposition 3.6 Let r< n-r. Then M and M'have the same (r-2)- +,ype 

(in particular, if r !>, 3, the same fundamental group). If r< n-r, and 

r— 1 

x, ^ are the homology and homotopy classes of the a-sphere f (S x 0) 
in M, then 

(i) H „(M') is the quotient of Z , (M) by the subgroup generated by x. 

r— 1 r— I 

(ii) If r=2, TtjO'I') is the quotient of ^ (M) by the normal subgroup 
generated by ^ . 

(iii) If r> 3, T (M") is the quotient of (M) by the IT (M)-submodule 

i; u-r .... r r ... ' 

generated by ^ . 

These all follow from standard properties of cell complexes. We 
can express the homology relations by a single diagram, as follows. 
Observe that the inclusions (M',X) C (W,M x I) 2>(W,M) induce isomorphisms 
of relative homology groups in dimensions f n-1. Indeed, excising most of 



„ , , , /^r n-r- 1 r-i u-r-i > , r ri n - r c r_l n n-r \ 

X, they become (D x S , S x S - ) <Z^\U x D S x D ) 

and both relative groups vanish except in dimensions r,n-1 ; in dimension 

r we have an isomorphism. 

Proposition 3.7 We have exact sequences 



H i-tl (M } ^ E i+1 (W ' M ' } ^ H i (M ' } \ (W ,M } 



H i+1 (X) E i+ l (W) E -- (X) H - (V) 



^rV i+1 (M') X K. +1 (¥,M)' H.(M) X -H.(V,M') 



for i < n-2. 



Proof Identify H .(M',X) =H.(¥,M) (j ^ n -2) andB.(M,X) =H.(W,M'), dually. 

Then write out the exact homology sequences of the four pairs (M,X), (M',X) f 
(W,M), and (W,M'). 
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Chapter 4 Modifyin g decompositions 

In this chapter we discuss several modifications that can he 
made to handle decompositions: introduction or cancellation of a 
complementary pair of handles; addition of handles; replacement of 
a handle hy one in a different dimension. These will he used belov to 
obtain a minimal form of handle decomposition. 

As the simplest case, we first discuss 0-handles. We may suppose 

that is connected. Now if !'J has aL- i-handles , we know that 

1 

V* ~ c)-\l x I ij ^ D n . To this we add 1 -handles, which must make it 
connected; moreover, a 1 -handle affects connectivity only if its a-sphere 
S° has the two points in different components of ~;P . Rearrange the 1 -handles 
(Lemma 2.1) r such that the first few each connect different components of VJ 2 ,' 
till it is connected. Observe that for one of these, we have two manifolds 
with boundary, and a disc imbedded in the boundary of each. Attaching 
L n ^ x I is the same (1.7) as glueing along the (n-1 )-discs-i.e. , forming 
the sum (MO). Moreover, by (1,7.6), for any manifold if 1 , i\> n +L n "= if 1 . 
So the 0-handles are just cancelled out, and the various components of 

^ -VJ x I added together. 
Proposition 4.1 VJ^ admits a handle presentation of the following kind. 
If = , there is one 0-handle L n , and a number of 1 -handles. 

If ^-Vj is connects:"-, there arc no 0-handles, but a number of 1 -handles. 
If ^ -V has components ^'^j > 1 ^ i<k, there are no 0-handles, then 
(k-1 ) 1 -handles connecting the components to give x I + ... + w ( k ) x I, 

then a further number of 1 -handles. 

Corollary The new presentation has, if ^ -fJ = , one O-handle and 
(aCj-c^+1) 1-handles; if ^ -\1 =J= 0, no 0-handle and (ot^-c?^) 1-handles. 

For each use of 'if^+if 1 "S if* to simplify the decomposition removes 
just one 0-handle and one 1 -handle. 

We next wish to discuss cancellation of handles. Ve first prove the 
simplest case. 

Lemma 4.2 Let <2) : D n-r_1 — } TT~ T be the imbedding, by stereographic 

projection from (0, . . . ,0,-1 ) , on the boundary of the upper hemisphere. 

c r ^n-r , r+1 ~j n 

Then S x D U „ „h = D . 

i x 19 



Proof We first give the proof for r = 0, n = 2. Let E be the 

2 2 _ 22 

ellipse ^x + y =1 and rl the- conf peal hyperbola 2x - 2y = 1 . Write 

Int and Ext for the (closed) interior and exterior. We shall show that 

Int E n Int H is obtained from S° x by introducing a corner along 

S° x ; that Int E Ext E is dif f eomorphic to x , and that the 

attaching map 1 x ,0 becomes the identity. It follows that the required 

manifold is dif f eomorphic to Int E, which is evidently diff eomorphic to 

2 2 2 

D (e.g. use the function x + y and apply 6omt)lement 1.4.1). 

/ 

E meets S at (il ,i ) , ). Consider the 
component of Int E r\ Int K in x>0; it has the focus ^OJLj — 

7 V H 

(1 ,0) as interior point. Rays through the focus define a vector field 
everywhere transverse to the boundary, which may therefore be used for 

straightening the corner. A smooth cross— section is given by 

2 2 + 
(x— 1 ) + y =4, which meets the rays through the corner in (l f — ^). 

Thus the component is obtained from a disc by introducing corners at 

opposite ends of a diameter, as stated. 

In Int En Ext H we use confocal coordinates. Each point (x,y) of 

the plane with xy ± lies on just two of 
2 2/ 

one hyperbola, given by -1 < X| <f 0, and one ellipse, given by ^^S,* 

2 2 

However, these two meet in 4 points. So we write ytt = 1+A-|> ~)J = ^2' 
and obtain 




where the positive square roots are to be taken, and -1 <yU.<C 1. It 
is easy to verify that this transformation is smooth, with nonzero 
Jacobian, 0—1) onto the whole plane except for y = 0, x ^ 1 . 
Hence, in particular, it induces c, dif f eomorphism of the rectangle 
lynf ^ ^/^ * ^ 1 onto Int E r> Ext E, as required. 

Now return to .the case of general r and n, which is obtained by 
rotating the figures about- x- and y— axes. Write 

x = ( Xl ,...,^ r+1 ) y = ( y^-''»y r i-r-i ) 

and Jxj^ = x? f etc. Then the transformation given by 



""+1 n— r— 1 

induces a diff eomorphism of the D~ x D given by 

ly^| 2 ^^"3 1 onto the intei-section \ [x[ 2 + |yj 2 <0 , 

2(r| 2 - 2|y| 2 £ 1, 

Likewise in the in-'-oroection |x| 2 +|y| 2 ^ 1 , 2|x| 2 - 2|y| 2 ^ 1, 
consider,- the field formed by rayc -h-rough the r-sphere y=0, {x| = 1 
and perpendicular to it (and not p; educed beyond their intersection 
with x=0). This certainly is a vec-or field (except on the sphere and 
on x=0) , and 'we .easily see that it :r transverse to the boundary, so can 
be used for rounding the corner, Rc inding it, we obtain the manifold 
(|x| - 1 ) 2 +|y| 2 ^ \ j where the corier is to be introduced along 
U! = 1, |y| \ (in fact S r x S n "' r ' ')„ 

Consider S~ x D 11 "" ^ "SET ' ' x ~-R n ~ r ~ 1 x U 1 with coordinates 
(u,w,t), so |u| = 1j |w|' + jt| ^ '„ We define inverse dif f eomorphisms 
between this and the manifold above b;-- 

u = C /j x| w = 2y i ■. 2{ [x| - 1) 

x = ud+H) y = k~* . 

Note that |x) is novliere zero, so it '.nd its inverse are smooth. We 

also note that -the ccrrner 5x| ^ 1, |y| -.- \ becomes the locus )w| = 1, t = 

r 

Finally we must identify the attaching' map.--' 'The "sphere S x- given 

by[yU_| = \? V =6 maps (via x^ ^j- 1 -^) "t° x | = y = 0, then rounding 

_i ■'- 

the corner multiplies by 2 2 and lea - 6s y at 6, Finally we obtain 
u = x /^=^/|yj_| and v - (w ; t) - (0 j-1 ); mcculo the obvious identifications, 
in fact, we have the- identity map. The evbaching map is a tubular 
beighbourhood ox this, and we note that ; normal direction ^/^j maps 
to some positive multiple of ^/^-^ ? usi.'.g the tubular neighbourhood •• 

theorem, it follows that the attaching ma j is, up to a diffeotopy, as ' > 

I' 

stated. ! ' .'• 

Note that if dif f eomorphism is repl&ved by home omor phi sm , this 
(and the next lemma) become much easier to irove ; " it was the 1 necessity 
of rounding the corners systemk'tiVally which „ed us to the formulae 
above. /......■' V ........ 



Lemma 4.3 Suppose that for D n 'OJ^ W h r+ ^ , the a-sphere of 

r+1 r "~ ~ 

h meets the b-sphere of h transversely in one point. Then 

, . s _n r ^, _r p.n-r 
(1) D Uf h - S x D 

(ii) The dif f eomorphism '.n f can be so chosen that g becomes the map 

1 x J3 .of Lemma 4.2, and so D u-h u h ^ D . 

f g 



is of the 




Proof We first normalise (Theorem 2.2) so that we can vrite 

It, t T, n ~ r "* 1 n ~\-n n t n r T\ n - r — 1 . n r n-r-1 

g (D :.: D ) (^*«^)D a iJow -g' + :D + x D — > D x S 

form # x ^ ^ (in normal position, g is a product map; it is 

isotopic to the particular form shown, by the Disc Theorem). Also by the 

disc theorem, g (D r x D n r ^) is isotopic 

to any other imbedding with the same 

orientation (for this manifold with 

corner is contained in a slightly larger 

disc, which can be constructed . using a tubular neighbourhood of the corner 

and we use the uniqueness of that- disc). This determines g^(S r ^ x D n—r ^), 

hence alsc-f(^D r x # n _ r ^ (D n r ^)), which may thus be put in a standard 

position. Applying the tubular neighbourhood theorem to this, we see that 

f, too, is essentially unique. Thus to prove (i), the : existence of an 

f with the required property will suffices we introduce a. corner on p n to 

r n~»r \ r n— r 

make it D x D , and take for f the inclusion of 3D x D r The result 

is S r x D 11 r ~, and g: can be taken as 1 x 5), How (ii) follows, also since 

the paUr (f,g) was essentially unique. 

" r r+1 r+1 
Theorem 4.4 , ■ Siippoc- J -^r ; : J -. for k u^h u^h , the a-sphere of h meets 

the b-sphere of h. 1 " transversely in one point. Then we can suppose ^.M 
n-1 

contains a disc D to: which both handles are added. Thus we can write . 
+ D , with- the handles added to D , and so 



,.n _r , r+1 ^ .ja. (T ,n. r , r+1 > „n „n 
M oh oh b + (D o h a h ) ^ $r + D 



Proof First normalise as f o»» Lemma- 4 , 3.. Then the. image of g is 
contained in a disc (as before); and similarly the image of f is 
contained'in a tubular neighbourhood of the boundary of this disc, 
which merely extends it to a larger disc. The rest follows from the 
lemma. 

Definition A pair of handles of consecutive dimensions, with the 
a-sphere of the second mee-fcing the b-sphero of the first- transversely 
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in one point, is called a conrplementarv pair . 

We can thus paraphrase Theorem 4.4 briefly by saying that a 
complementary pair of handles may always be cancelled. The converse 
result is now trivial. 

Theorem 4.5 At any point of a handle decomposition of a manifold, 
a complementary pair of handles can be introduced. 

Proof "At any point" means when we have constructed some ranifold M, 
say. Now M ¥ n + D by Prop 1,7.5, and by Lemma 4.2, we can add a 
complementary pair of handles to D, hence also to M, 

Vfe observe that adding 'two' complementary handles in succession to 
M has the effect on V = ^ - M of performing consecutively spherical 
modifications of types (r,n-r) - leading to ¥, say - and (r+1,n— r-l) - 
returning to V, 'Reversing' the second of these shows that we can also 
go from V to M by a modification of type (n-r-1 , r+1 ) . The condition 
on the first modification necessary for this replacement to be possible 
was the existence of a complementary handle; arguing as in Lemma 4,3,""' 
we see that this' is equivalent to requiring the a— sphere to span an 
r-disc in V, such that the inward normal vector to the sphere in the disc 
agrees with the first vector of the chosen normal framing of the a-sphere 

Ve now discuss "addition" of handles — this is to be understood in 
a homotopy sense. Since need not be simply— connected, an (r-1 )- 

sphere in it does not necessarily have a well-determined homotopy class. 
This ambiguity may be resolved by introducing as further structure a - 
base-point * in'^ M, and for each handle with attaching map 
f : >D r x D m "* r — }^.M a path in M from * to f(l x 0): the homotopy 
class of f may then be defined in an obvious way. Of course we shall 
look for results which do not depend much on the choice'of path. ^ 
Theorem 4.6 ( Handle addition theorem ) Suppose -W = M connected, 
2 < r < m-2. Let f,g: "cbD r x B m ~ r — M be disjoint imbeddings, 
determining homotopy classes ■=<, p £ TT r _ 1 (M); let ^ £ 'ff^ (M). 

Then there are imbeddings h ,h : <)D r x L m ~ r — ^ M, disjoint from f , 



+ - 



and determining p + cK , ■ j>-ct £ ^ r _i ^ ' su 
W Vj) h r u h r t In h r B, h r (for 

f g f h £ 



ch that 



Proof We observe that injects to zero, in W(j^h r ; the idea of the 
proof is to deform the second handle 'across' the first, by a diffeotopy 
of the attaching map in ^ + (Mu^h r J; we know that this will not affect the 
dif f eomorphism class of the result. „ 
We have supposed M connected, so there is a path ^ joining f(l x 1) 
and g(l x 1). Notice that this path may be taken in any homotopy class. 
By general position arguments (II, Chapter 4), we can make the path an 
imbedding, disjoint from the images of f and g; we can ckoose it to start 
along the outward normals to Im:f and Im g, and finally we can deform it off 
tubular neighbourhoods of Im fand Img, so that it meets Im:f and ln> g only at 
its ends. Choose two normal framings e^,...,e ^ ^ or 'A so "th a "fc e ^> , «»j e r ^ 

r— 1 

give the standard orientation of g(S x 1 ) at g(l x 1) and both possible 
r— 1 

orientations of f(S x 1) at f(l x 1): this is possible since r $ m-2 : 

and choose a Riemannian metric in which f(S r ^ x 1) and g(S r— ^ x 1) are 

totally geodesic (see I,3„6)„ Then exponentiating normal vectors to A gives 

an imbedding JjCsI x D 1 "" 1 — ^ M with £ (0 x D r ~ 1 ) C g(S r ~ 1 x 1), 

g (1 x D r ~ 1 ) C f(S r ~ 1 x 1). Extend X by a diameter of D r x 1 in 

A (Md h ), and g correspondingly to an imbedding 0s[_O,2j x D _!_ ^ ^ (Mc„h ). 
u + f + f 

We now define an isotopy of g by 

g t (x) = x if (p(0 x D r_1 ) "| 

g t 0(0, y) = P (2t Bp (1 -\yi ). y) J 

the properties of the bump function ensure that these fit to give a smooth 

diffeotopy. This 'pulls' the cell jp(0 x D 1 ""') Qg(S T ~^ x 1) across part 

r r— 1 

of the disc D x 1 , covering the central point. Since g(S x 0) is 

diffeotopic to g(S x 1), we also obtain a diffeotopy of g, which we 
can extend to one of g such that the final imbedding h is disjoint from 
x " n r ^ „ But we can think of the (f-) handle as shrunk to a small 
neighbourhood of this b-sphere (c.f , proof of 2.2), so h(S r ^ x D n r ) 
lies in M again. 

Since our diffeotopy has (clearly) degree 1 on the attached cell, 
the homology class of h is that of g plus or minus that of f, the sign 
depending on an orientation chosen earlier. The same applies to homotopy, 
except for consideration of base points. But freedom of choice of 
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homotopy class of A is equivalent to the freedom of choice of 
in the Theorem. 

RemarK We could also discuss the homotopy classes in 
l7^(Ws^h r Ugh r ,¥) represented by the handles; these also are 

added, in the same vay. 
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Chapter 5 Simplifying decompositions 

In the last chapter we gave a method of simplifying handle 
decompositions under geometric assumptions,, Vie shall now ..obtain 
some corresponding results ur>der algebraic hypotheses: this will 
enable us to operate with ha.'.dles using only homotopy data. There are 

' f : 

several ways of applying th cancellation theorem 4.4: we start with 
the most direct. It is intirosting to note that this closely resembles 
a technique of Whitehead, vith C.V. -complexes. 

Theorem 5.1 Suppose n >, 2r + 3, W n = M x Iuh r u £h r+1 , and 1T.(W,M) = 0. 
Then M ^ h x Iotti r+1 u h r+ ". 

Proof The case r=0 follows from 4.1; otherwise we may suppose M - 

connected. * 

We identify h r with ft 1 " x D n r .Sinci n ?J-2r+2, we can perform a diffeot'apy 

r +1 r r 

to-$pnsure ( that- the attaching maps of th= h avoid D x 1.. The disc D x 1 

determines an element of TT^WjM), whici is zero by hypothesis. Hence this 

disc is homotopic in V (relative to its boundary) to one in M; i.e. there 

is a map P:D )¥, which takes the upper hemisphere of S onto ft" x 1 

and the lower into M. Since n>2r-+ 3, T e may suppose thatlnF is disjoint 

from the cores of the handles (of dimens oas r and (r+1)). V/e can' therefore — - 

also deform it off tubular neighbourhoods of the cores, so that eventually ' 

In PC c) W» ma y suppose PIS an imbedcing of S in ^> W: this 
+ + 

imbedding is homotopic to zero, hence alsc diffeotopic (we again use 

n>2r+2). So by Theorem 4.5, we can use i-. for the a-sphere of the first 

r+1 r -2 r+1 
of a complementary pair of handles h^ , h_. ' , where h^ is disjoint 

, r+1 r+T r 

from the other a . But is also complementary to h , so 

V?M x I- J h r yJlh r+1 u(h^ +1 w h^ +2 ) (Theorem 4.5) 

, r+1 > „, r+1 , r+2 

= M ,\ I o (h D ) d Va. 

w , _ „, r+1 , r+2 . 
x I wlh . u h- (Theorem 4.4). 

a ■ 

Corollary 5.1.1 Ve can replace M x I in the theorem by V, provided 

induces ^ S + V) = 1^ (V) - 

Proof Set = 0> + V; we may suppose V = 7o (M^ x I) o handles; 
irrite for the closure of W— V. Then it is enough to show that 
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~n-r 

i 



r+1 W +2 : 



TC r (V 1f M ) = 0. How if r=r,~ by van Karapen's -theorem,- 

, 00 - r % (v) * ^ ^ ) ) ^ T, (w 1 ) , 

and if r 2, by the Eurevicz theorem, 

^r (V 1 ' M 1 ) * H r ( VV> ' Tt r (y ' V) * S>»^>» 

(the universal coTers of W ,V,M are induced from that of W, aince under 
our assumptions, the fundamental groups map isomorphically) , and we can 
now use excision. 

Corollary 5.1.2 If W = V u kh r w «,h r+1 , ti" '(W,V) = 0, 
^ (' i + V) 'it (V) , n->- 2r+3, then V = Vulh r+1 w kh r+2 . 

Proof Write V 1 = Vw(k-l)h r . Since fl^W/V) and ~rf (V, > v ) vanish, 
so does TT (W.V ). Also, if V = M x I, M = > V, , then V. = M . x I*(k-l)h 

T ' l '1 +1 1 1 i ,„ 

so (M^ ) ^ "TT| (T^ ) if n>^ r+3. For a general V, we use van Kampen's theorem, 

as above, to deduce IT, ( ^ ^ ) ~ TT, . How by 5.1.1, we have W 1= ^ ih' 

j. 

the result follows by induction on k. 

Corollary 5.1 .3 Suppose (W,V) r-connected, If ( ^ + V) ~ TT (V) , 
n£2r+.3. Then V has a handle decomposition on V with no i-handles for i ^ r. 
Proof Use 5.1.2 repeatedly to replace i-handles by (i+2)-handles for 
i=0,1,...,r. 

Remark We can tighten up the proof of Theorem 5.1 to cover also the case 

n = 2r+2, r ^ 1. (in fact the only point to be watched is the deformation 

r+1 _ • ■"> ■ 

of P off the cores • of the h .) tout we obtain a more general result, 

below, by a different method, for r 2 2. To introduce this method, we 

first consider a simple special case (the first, historically, too - due 

to S. Smale): we ol»s-erve that we succeed in cancelling handles, not 

merely replacing some by others. 

Theorem 5.2 Suppose + V n simply-connected, 3, (n-r) ^-"4. Let 

V = V^h r wkh r+1 and fi r (W,V) = 0. Then ¥t V u (k-1 )h r+1 . 

Proof Let n^,,, ,,n^ be the intersection numbers of the a-spheres of 

the (r+1 ) -handles with the b-sphere of h , Sy.Theorem 4.6, we can 

'add' or 'subtract' the handles; hence if n ^» n j are nonzero, say 

n. > n. v» 0, we can replace n. bv n.-n.. Hence by induction on !E-^|n.l v ^- 



we may suppose ail the ru zero except one — say , By Lemma 3.3, the 
assumption E (tf,V) .= now implies = — 1 . 

Now use Theorem 2„2 to normalise the handle decomposition. 

r+1 r 
Then the a-sphere of and the b--sphere of h , both of dimension at 

least 2, meet transversely and :\ _ ve intersection number ^1 in "25- (Vwh r ), 

which bj Prop 3,6 is sicply-. connected since ^) + V is„ Hence by^III^ 

we can perform a diffeotopy to reduce the number of intersections to one. 
r r+1 

But then h and h., are complementary, so can be cancelled by Theorem 4.4 
We .ow consider the ger .-aJ. case and, in particular, abandon simple- - 
connecti" ity„ This is more technical, and we shall eventually refer to the 
notions c. simple homotopy theory,, We first state the general conditions 
which we .eed to assr_me„ 

Hypoth esi 5.3 vF V 11 u kh 1 " v £h r+1 . TiMWjV) = 0, ( V) = "TTj (V) . 
We have r . . 2 r n~r ^4; or r > 3,. n-r - 3, and Ti* ( ^ + W) = Tf (W). Set. 

M=.^(Vu-h r j, TT= Ti^M) and A = 2 [Tf]- 

The r : ng A consists of finite (formal) linear combinations, with 
integer coe :f icients , of elements of Tfj with the obvious multiplication. . 
Using Prop -6, IT, (V) ~ (M) ( a + ¥) = ^ (V u kh r ) = ^ (V), 

(note if r=.' that our hypothesis implies TT^ (V) = ^..(W)) and the 
isomorphism are induced by inclusion map;., We use tilde for all universal 
covering spt. °s» by the Hurewicz theorem. ^(W,?) = h (W,V) , so our 
hypothesis g.ves some information about t:ie chain map in the universal 
covering spa e„ To use this, we need the lemma below; first, however, 
we need some otation, 

Let * be i base point in V n "3 W ( n " oc ic M) " join by paths in 

~ ' 1 r 
M to the a-spl-jres of the h." 1 "" 1 and the b-spheres of the h : all of 

these lie in I- , How to each inte-r^ecticv F of the b-sphere of an 

r-handle h with the a-a-c^re of h. we assign -the element g„£ K 
j l e & P 

represented by the path from * to the a-sphere, : ound this to P, 

i 

along the b— sphere, and back by the chosen path of the b— sphere. We 
also set Ep = ~1 according as the orientations agree or differ 
( c . f . Lemma 3.3). 
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Label the handles h^. (l^.j<k), h^" 1 "' (l<i^«.)? let h*, ■ bT" 

be the handles above them in W, determined by some lifting of *, and 

i**t ^r+1 

lifting the chosen paths, and let e.. , e^ be the corresponding chains 

of (V,V). We note that all the handles of (¥,V) are of the form 
~r ~r+1 . 

gh., gh^ for various g £ H ; these are all distinct, since ve took 
the universal cover ; so that C r (¥,V) and C r+1 (¥,V) are the free 
A -modules with bases the e r l , <^eT +1 ^ 



Lemma 5.4 (i) We have ^e^ + ^ = 3~ ,-, . f^g^e*., where the sum is over 
* — i P,J °P Pj' 

r+1 r 
intersections P of the a-sphere of h. with the b— sphere of h.. 

i * 3 

(ii) If the coefficient of e* in is ii , we can perform a diffeotopy 

r+1 r 
to make h. complementary to h.. 

Proof (i) If P is the point of h^ lying over P, it represents the 

~*r+1 ***r 
intersection of the a-sphere of h with the b— sphere of some g'b... 

i J 

If we lift the defining path of g^ , we see that g'=gp. The result now 
follows from Lemma 3.3 (which did not use compactness), 
(ii) It follows from the assumption that, with one exception, we can 
collect intersections of the two spheres into pairs (P,Q) with gp=gq, 

£.=-£. The result will follow if we show how to remove the intersections 

P Q 

P and Q. Observe that the spheres - say S and S, -have complementary 

Qi D 

dimension in M, and each has dimension ^ 2, If we join P to Q by an arc 

in S and one in S, we obtain a circle; moreover since g^g^, this circle 

a d \r y 

is nullhomo'frdpic in M (which is of dimension ^-5) and so it bounds a disc. 

If we can make this disc disjoint from S and S, , the usual method of 

a b 

removing intersections (due to Whitney; see III) applies, and we can 
remove P and Q; this can certainly be achieved if the codimensions r and 
n-r-1 are $-3. 

Now consider the case r=2, n— r > 3. Here the disc may be supposed 
disjoint from S^; also we note that the process of constructing the disc 
gives first (when £p=-£,^) an annul us which pushes the circle off S & W S^. 
So the result will f ollow if we show "^T (M - S fe ) "^(M). The proof of 

this is sufficiently illustrated by the case k=1 ; here we may identify 

11 2 
M-S, with J) V-S , where S is the a-sphere of h . 



So *tf (M - S ) = T ( } V _ S 1 ) ^ ( ^ V) = Tf ( M ) (for the . 

I D 1 + 1 + 1 

codimension of is 4) f If r = n-3, r >2, there is a similar 
argument using the hypothesis_ Tf^ ( ^ W) TT" (\I ) . The proof breaks 
down completely if r=2 , n=5. 

Remark 5.4.1 The same argument enables us to extend Theorem 5.2 
to the cases r=2, r=n-3„ 

Theorem 5.5 Theorrm 5.1 (and its corollaries) hold whenever n^ r+4; 
also if n=r+3 provided r f 1,2 and Ti^ ( W) = 

Proof Since II ( , V) =0, sC „ (W ,"v) — ) C CW.V) is onto, bo we can 
r ' r+1 ' r ' 

solve ^(Jl'X^e^ ) = e x „ By Theorem 4,5 we can introduce a complementary 

pair of handles n ^ + ^ j 5 by applying Theorem 4.6 repeatedly, we can 

r+1 

'add' to the a— sphere of h^ any /\ -linear combination of the a-spheres 

of the other h r+l , So we may suppose S (e^^ ) = e*"- N° w °y Lemma 5.4(ii), 

r+1 

we can perform a diff eotopy to make h^ complementary to h" , and by Theorem 
4.4, we can then cancel these two handles. 

Theorem 5.6 Assume 5, .3, and that the inclusion of V in W is a simple 
homotopy equivalence (so k=i.)„ Then Vf V. 

Proof Me shall not discuss here the definition of simple homotopy type, 

nor the equivalence of definitions via triangulations and handle decompositions, 

but instead assume that our hypothesis is equivalent to assuming 

^) :C ^ ('Wj'V) — ^ CpiY/jV) a simple isomorphism (that it is an isomorphism 
follows if the inclusion is any homotopy equivalence). Hence the matrix 
of can be reduced to a unit matrix by a sequence of moves of the 
following kinds: 

(i) Add some muj.t?'~7..e of a row to another row. 

(ii) Multiply sone row by an element of "T^, or by -1 . 

(iii) Take the (firect sum of the matrix with (1)» 

But each of these can be induced by a change of the handle 
decomposition! (i) by handle addition (Theorem 4.6), (ii) by changing 
the path fran * to an a-sphere, or the orientation of a cell, and 

(iii) by inserting a complementary pair of handles (Theorem 4.5). Thus 

^. x^r+l 
we may as-ame that the matrix of 3 is the identity, and <Je^ = e i" 

Now by L^mma 5.4(ii) 5 we can perform a diffeotopy on the a-sphere of 

h^ + ^ ("saving other handles fixed) to nake complementary to h*\ 
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But then the handles are complementary in pairs, and can all be 
cancelled, by Theorem 4.4. 

We observe that the proof of 5»2 shows that, in the simply- 
connected case, any matrix of determinant ^1 can be reduced to the 
identity by moves (i) and (ii), sc that if ~ff = £ 1 | , a homotopy 
equivalence is a simple homotopy aguivalence. The same is also 
known to hoid if Tf= S 2 » ~2Ltf or if is free or free 

abelian, or an elementary 2-grou: . 



Chapter 6 The h-cobordi sm theorems 

Definition Let ¥ be a cobbrdism. If the melusions of ~^_W, ^^W in 
¥ are homotopy eauivalences , ' ¥ is .called an h -cobordism ; if they are 
simple homotopy e ;uivalencei; „ ¥ is jailed an s -cobordism . 
Theorem 6.1 As'svoie that the inclusion of V ¥- in ¥ n is a homotopy 
equivalence and ti vo the inclusion of ^ V indue os an isomorphism of 
fundamental groups , Then 

(i) The inclusio'. of ~b ^ 1S a homotopy equivalence 

(ii) If either in:lusion is a simple homotopy equivalence , so is the 
other, and if n >. >. ¥ is dif f eomorphic to ^ ¥ x I. 

Proof By CorollE- 7 5,1 „2, ¥ has a handle decomposition on -.^ W with no 

0- or 1— handles (n . .5). Take the dual- decomposition and apply Theorem 5.4: 

this says we may cr eel the T— handles for r <C ,n~ 4, and leaves only those with 

r=n-3, n~2- Also, t elementary homology theory, there must be the same 

number k of handles if these two dimensions, and the chain complex of the 

universal cover cons sts of a single isomorphism ~rj :C - — ^ C ,, So V 

n— Z n— J _ 

has a handle decompc ition on ¥ with only 2- and 3-hahdles (the 2-handles 

attached trivially), and for this the matrix' of ^)^:C^— ^C^ is the transpose 

conjugate (via g . , t<£7T) of" that pf ^ , so ^ is also, an isomorphism. 

Thus all H i (¥, > 1=0, all ~i)\(¥, e) W) = by the'-Hurewicz theorem and 

(i) follows ".'j t .' :- ¥hitehead theorem.- \_Fot n< 4- we can use a more direct 

proof which is s ."rays valid J „ ' ' 

Now let th inclusion of ^ V/ be a simple equivalence. ...Then ^ is a 

simple isomorph 3m If n^ 6. by Theorem 5o5, all handles may be cancelled, 

so ¥ ^ ¥ x " , and t" remit is prccd. ■ r z 

Corollary 6.1 „1 Suppose ¥ n (n^,6) a simply— connected h-cobordism. 

Then ¥ = 2 V - L 

™ ft 

The same arguments will give us somewhat more general results - 
if we relax the compactness condition, For example, _et V, be a 
submanifold of ¥ such thvb there is a dif f eomorphism',^ :V ^ ^ -V x I. 
Then, as in Lemma !-1, we r an find a nondegenerate function .on ¥ whose 
restriction to- V has no -critical points; the proof of (1.1) is only 
changed by ng the given pro. act structure to define g near V, We 
can now carry out ail the hand? - decomposition and cancellation arguments 



in W-V. Write IT for a tubular neighbourhood of V in I, 9 for its 

interior, X = W - N and t = Nrv X = ^ N =~> X. 
' c ^ c 

Theorem 6.2 With the above notations, suppose X an s-cobordism. Then (p 
can be extended to a dif f eomor.phism of W on V x I. 
For, as in 6.1, we can cancel all the handles in X. 
Lemma 6.3 With the above notations, suppose h-cobordisms, and 

c Then X is an h— cobordism. 

Proof Since c ^ 3 is the -^dimension of V in W (and of ^ V in ^ W, 
^) + V in ^ + W)> removing V does not alter the fundamental group. So it 

io enough to check that ^ X 2, X induces isomorphisms of homology in the 

universal cover, by Whitehead's theorem. This reduces the problem to the 

case when W is simply-connectsd. 

Now since ^ V is a deformation retract of V, and N is a disc bundle, 
c) N. is a deformation retract of N, also of ^) N U T. Kence = K # (W, ^ NwT) 

= ^(WjXt,^ W). by excision. 

But = K^(^> ^ W), so using tlje homology exact sequence of the triple 
~b W C X WCW, we deduce = H^XOJi e> J) = H*(X, 2) _X) by 
excision. The result follows. 

Corollary 6.3.1 Suppose W 11 a simply-connected h-cobordism, n ^ 6, V 11 

a submanifold, c ^ 3, such that V* -0 = x I. Then (W,V) ~ C^J,^>J) * !• 

For since W-V is simply— conne;ted, the lemma shows that 6.2 applies. 
Corollary 6.3.2 Two h-cobordant tiairs of homotopy spheres (T? + °,T?) 
(i=0,l) with n^. 5, c ~> y 3 are diff ecmorphic. 

By 6.1.1, the h-cobordism of the T^ is a product, so the result 
follows from 6.3.1 . 

We also have a flight generalisatiot of 6.1. 

Theorem 6.4 Suppose simple homotopy equivalence, that n>, 6 , dV = & J. 7 , 

and that t> + V C v", C w induce isomorphisms of fundamental groups. 

Then W = V.2 V.x,I. 

proof Let M = <J + V > x be the closure of W-V. Then 

. . - fl^lO ■~--n- 1 <X) ftir {!1) it 1 (V) ~ tt 1 (X) . 
By Corollary 5.1.2, X has a handle decomposition on with no 0- 

or 1 -handles. So W has one on V with no (n-1 )- or n-hanAlos. A D j>lying 
Theorem 5.5 repeatedly, we can got riA of i-Jnandles for i<! n-3. The 



result now f pi. lows from Theorem 5<,6, 

Corollary 6.. 4.1 (Disc bundl e theore:i) r Suppose I'l n C a submanifold of ... 
V 11 , £>"M = 5 c > 3, n^S; MCli a simple homotcpy equivalence, and 
V ¥) '= TT (if) „ T^en ¥ has the structure of a disc bundle with M 
ar ::ero cross— seetion c 

Proof Let Y be e, tubular -"-si glib cur hood of 14 1 then 6.4 applies. 

It V) ^(7) since r> 3 (it can r^lso happen for c=1,2). 
Cor alary 6„4,2 Ir if 1 ic i;ontra.:tible , n^6, TJOW) = 0, then D n . 
Tak M a point in 6,4,1, 

Cor o. lary 6.4,3 (Ppinf'/vre\/» "^liect """:•.) If T 11 is a homctopy sphere, n^6, 

then . ,rl may be obtained by £lueir>g diecc together along the boundary. 

n 

Thus is homeomorphic to S . 

Pro of Let v) n be the oloc:-e of the n onplement of a disc D n in T n . Then 
¥ is omctopic to (T" -point) , so is simply— connected, and its reduced 
•homol gy groups vanish, so ¥ is cor.tractible , By 6„4-2, ¥ n =D n . The last 

T>-A 

remarj f pllpws since any hpmeomorphism pf S can be extended (taking the 
cone to D n „ 

Retr - ?k The result follo-.;s from 4,1 if n<2 2, and holds if n=5, when we 

u - 6 
she .1 show later that i^ny T" boimds a oontxactible ¥ „ The cases n=3, 

n=< are unsolved, 

Co: llary 6,4.4 Pv.ppose ¥™ compact. >M^ = (i=1 ,2), f :M -9 M 2 a 

m c 

simple homotopy Cjrr.Ta) : «.id 2c ^> p.-! . Then K x D is a disc bundle 
ov r M . 

P: )qf If c<3, ra<1 : M =i'i irS ' (<\v poiut) and the result is trivial. 
K w let 

Ihen by Haefliger's theorem ( -H) , we can approximate f by an imbedding 

of M in K x IS , The - ; ult no;i follpws from the Theorem. 

1 2 . 

Corplla T— v.' ,4._5 Supper in addition that c> m+1 and f (Tj y . +1 ) ~ +1, 

r *2 J 1 

Then M x 1)'" = i'^ ^ 

For under these conditions t..r. normal bundle of gO"^) in M 2 x D° is 
stably trivial and stable, henc trivial. 

Theorem 6,5 Let T n '~ c be a homot oy sphere in S n (n^.6, c >3), N a 
tubular neighbourhood, V the closure f its complement. Then V is 
dif f eomorphic to S c ° ' x D n '~ c ' ' „ 
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Proof Let tl' be a larger concentric tube, L° a fibre, S 0-1 its boundary. 

Since S° 1 bounds the contractible D°, its normal bundle is trivial. We 

c— 1 

assert that the inclusion of S in V is a homotopy equivalence; indeed, 

both are simply-connected (V since S n is and c^>3, so S-T is also) and the 

c c 
complement of V w D is the interior of N-D , a cell bundle over a cell and 

so contractible, 3y duality, VcD c is contractible, and OaB (V»D C ,P°) = 

H (V,VrsD°). 3irfc "^n D° is an annulus with S c_1 as deformation retract, 

hence H (V,S C ~ 1 ) = 0. 

r 7 

If c =j= n-1 , ~£V =^N is simply-connected, and n-c+1 >, 3, so the result 
follows from Theorem 6.4. If c = n-1 , T is a circle, and unknots, so the 
result is trivial. 

Theorem 6.6 Suppose V 11 (n>>6) such that ^) ¥, W and V are simply- 
connected. Let H (vf, ^ W) = F + T, where J? is a free abelian group of rank 

i and T is a finite group vith t^ + ^ generators. Then ¥ has a handle 
decomposition on ^ _W with t. ± + 3. + t. , i-handles for each i. 

1—2 1 !+": 

Proof 3y Corollary 5.1.2, there is a handle decomposition with no 0- 

or 1-handles. Similarly, we can dispense with (n— 1 )- and n-handles. This 

gives a chain-complex of free abelian groups whose homology is that of 

H^(W,^ W). We put this chain— coitpl ex into normal form; then it is a 

direct sum of elementary subcomplexes , each with rank 1 or 2, and differential 

either 

— Q 
— > ^ or ~Z — °- 

Now the change of base needid to put the chain complex in normal form 
can be induoed by a sequence of alementary automorphisms of the chain 
groups, and by Theorem 4.6, esxi of these can be induced by a change in 
handle decomposition. It remains only to remove the elementary subcomplexes 
withC= 1. But Theorem 5,2 (extended by Remark 5,4,1) assures us that such 
paixs of handles may be cancelled. 

It does not seem to be easy -,o obtain a reasonable theorem of this 
kind without assuming simple-connectivity. The best known- are 7.4 and 
7.5 below. 
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Ghapter 7 Simple Neighbourhoods 

Vie shall now give a very brief discussion of Masur's concept 
of simple neighbourhoods; however, we make no attempt to give complete 
proofs.. The details would be comparatively trivial to supply if we were 
discussing combinatorial manifolds, so the reader may prefer to think of 
these (nearly all the proofs in Part IV remain valid, only the details 
are much easier, on account of corners). 

Let be a compact manifold, a finite complex. We call an 
imbedding f of X in ¥i tame if M is covered by coordinate neighbourhood 
(U^ C M m , ft-^s. U^ - ^ ® m ) such that each of: f -1 (U^) — } ffl™ is linear 

on each simplex, 

°m 

Definition A submanifold II of M is a simple neighbourhood of f (K) if 
o 

K C. U, the inclusion SC U is a simple homotopy equivalence, and 
IT ( 5 U) 7? TT (u - X) . 

For example, if K is a submanifold, a tubular neighbourhood is a 
simple neighbourhood.. 

Proposition 7.1 A smooth regular neighbourhood is a simple neighbourhood. 
This follows almost at once from the definitions; as to the last clause, 
we observe that if U is a regular neighbourhood, there is a map 3U — K 
such that U is the mapping cylinder. So D - K = 5ll x [0,1). 
Proposition 7.2 A smooth regular neighbourhood has a handle decomposition 
with one h 1 corresponding to each simplex cf 1 of X. 
This must be proved by induction over simplexes of K; in fact, the 
handle is simply obtained by thickening the simplex. 

Remark Conversely, any handle decomposition may be 'unthickened' to the 

cores of the handles to give a corresponding C\J complex K. 

Theorem 7.3 Simple neighbourhood theorem Let m^> 6, codim K >/ 3. Then 

if , are simple neighbourhoods of K, there is a diffeotopy of M,. 

constant near K and away from u U^, which moves to U^. 

o o 

Proof Let be a smooth regular neighbourhood of K in n U^. 

For i = 1 ,2 we shall show that U. = U u ( Z\ U x I): the result then 
' l o ' o 

follows at once. Since for i=1,2,0, c>U. C U . U . - K induce 

2 3 3 

isomorphisms of fundamental groups, we can apply 6„4, and the result 
follows . 



Remark Suppose the condition (^JJ). . .(.U-K) in the def inition 
strengthened to state that 2> U C U-X is a homotopy equivalence. Then 
in the above, -we could prove the closure of TJ.-U an h-cobordism, but 
it vould still not in general follow that it vas an s— cobordism, if the 
codimension of X was 1 or 2, This does work, though, if "Ti^ ( d U) ^ 0,M^ °: 
Theorem 7.4 ( Hon-stable neighbourhood theorem ) Let K,K^ be finite 
C.W. -complexes and G":K — ^ K, 4 simple homotopy equivalence. Suppose 
K by unthi ckening , and have dimension ^n-3, n ^J. 6 . Then 

has a handle decomposition which mimics the cell decomposition of K. . 
Proof By a theorem of Whitehead, (improved), we can go 'from K to 
by a sequence of "formal moves" of dimension ^ (n— 2 ) . (Mote n ^ 6), We- 
can imitate each of these by a change in handle decomposition! an - 
elementary expansion by introducing a complementary pair of handles 
(Theorem 4.5), and an elementary collapse by a handle cancellation 
(Theorem 4.4). For this last, we must check the necessary conditions. 
If the collapsed cells have dimensions 0,1', we can use Pro: 4.1; ; if their 
dimensions are r,r+1 where 2^r^n-3, we observe that 5.3 .s satisfied and 

that t^e 1 ^ = "e r , and apply Lemma 5.4(ii). If the dimen-ions are ly2j 

check that the attaching S^ of the 2-handle is nomotopic, hence isotopic, 
to a circle which meets the b-sphere of the 1 -handle onl; once. In 
principle, this completes the proof. 

The same arguments lead also to ■' 

Theorem 7.5 ( Relative non— stable neighbourhood theorec Suppose ¥* has 
a handle decomposition on V with no i-handles for i>n-2. Assume 

T, (3 + V) = TT, (V)^^ (V) ~ O + ¥) , n£ 6. Let (.1,V) be a C.W.- 
pair with no i-cells/ outside V for i>n-2 and £;£-=>¥ i simple homotopy 
equivalence r^l 7. j Then ¥ has a handle decomposition based on V with 

cells corresponding to those of 7. mod V. - - - — 

This is szeri/ed in a very sharp form (I hope not too sharp to be 
true), and we siae.ll not give the proof „ 
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PAP£_ VA 
Cobordism : geometric theory- 
Chapter 1 Types of cobordism 



We have already said that when W - is a compact manifold with 9W a 
disjoint union of closed sets 9 W U 9 W, 7 is called a cobordism of 
3 1? to 9 + W, and 9 W, 9 + W are called cobordant. This concept is of great 
generality, and there is a wide variety of possible generalisations and 
restrictions. Our policy here will be to indicate the different kinds of 
alteration that may be made to the definition, each in the simplest possible 
oase: these may then afterwards be combined ad lib. We establish a 
convention that each type of cobordism relation is specified by a description 
of the properties of 9 W which are relevant, and there is then a corresponding 
set of properties of the W which are permitted for the cobordisms: these will 
be made precise in this chapter for each new idea, but the convention will be 
in force subsequently. Note that it is always essential that the manifolds be 
compact; otherwise the trivial relation V= 9(Vx [0, l)) shows that 
everything is a boundary. 
Oriented cobordism 

We consider only oriented manifolds M. Then the cobordisms W must 
also be oriented. We call the oriented manifold W an oriented cobordism 
between the oriented manifolds 9 W and 3 W if at each x e 9 W (resp. 9 + W), 
the trientation of 9 W (3 l) followed by the inward (outward) normal at x 
induces the orientation of W. In terms of homology classes, this becomes 

9 [W] = [9 W] - [9 W]. 
* + - 

Cobor dism with a given structure group . 

In the first instance, the tangent bundle of M has structure 

group GL ; an orientation is a reduction of this group to SL m 0R) . We 

generalise this now by letting G be any topological group (usually, but not 

always compact) and <p : & -» &L m (£R) a homomorphism. Then a G— structure on 

M is a reduction of the erouo of r to &. If <£ is the inclusion of a 

m 

closed subgroup, we can define this as a cross-section of the bundle associated 

to r with fibre GL @R)/G. In general, we form the classifying space B(g), 
mm 

so cj> induces a vector bundle f over B(&) : then a reduction of the group 



of 7" is a pair (e, f), where f : M B(&) is a map and e : r -» f*£ 



m 



a bundle isomorphism: two reductions are equivalent if there is a reduction 
of the induoed bundle ever M x I which induces them at the two ends. 

The natural definition of a cobordism W now demands a reduction of 

1 r 
the structure grouo r . However, r \dlt = t. ffi e (we shall use e to 
° - w w 9w N 

denote the trivial vector bundle of dimension r), so the induced structure 

on the boundary is a reduction of the group of t © e"^", rather than of 

r^ w itself. We can base an adequate definition on this, noting only that a 

convention about the choice of isomorphisms of r 1 3W on t © is 

w 3w 

neoessary: viz. that the positive vector e"^ is to be identified with the 
inward normal to d_W in W, but with the outward normal on 9 + W (this is 
neoessary to obtain an equivalence relation: see below). 

However, the most satisfactory general theory uses a further weakening 
of the concept, and some preliminary notation is necessary. Suppose given a 
commutative diagram of groups and homomorphisms 



n-1 n-l ) n _n^ n+1 



>n-l K IVl 

(in the lower row we have the natural inclusions); then we say we have a 

stable group &. A we ale G— st r ucture on M is prescribed by choosing an 

integer r and reduction (e, f ) of the group of r © e*" t* G- ; 

m m+r' 

(r, e, f) and (r', e', f) are equiva lent if the reductions (e, f) and 

(e ' , f ') of © e S are so for some s > r, r'. Then ±f a cobordism 

W has a weak G-structure, it induces weak G— structures on d W, 3 W (using 

the above convention to identify, r I 3W with ■ r © (^): we call it a 

w 9w ' 

oobordism between these manifolds with the induced structures. 

Cobordism cf Pairs 

Let M be a sutmanif «ld of N; then we call (N, m) a pair. If 

(W, V) . is a pair of manifolds with' boundary, and W is a »obordi3m «f 

3 '7 to 8 1 we set d V = V Pi d W and f V = V !~\ d Our definition of 

— + — - + + 

submanif old ^hen implies that V is a •o'boriism cf J V te 8 V, aad we shall 
call the pair ('.V, V) • a cobordism of the pair (? '.7, S V) to the pair 

(a w, d v). 
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We can also restriot the structure groups of ihe tangent bundles of W 
and V separately; more important, however, is to consider the normal bundle 
of V in W, which has group GL^(R) if q is the codimension of V in 

W. Given i> : G- -> &L (jR), a reduction to & of the group of the normal 

4. <i q 1 

bundle of V in W can be o ailed a normal G- -structure of V in W: it 

q 

induces normal & -structures of 3 V in a W and of 9 V in 3 f, Note 
q - - + + 

that here there is no need to speak of weak structures and of identifications: 
the definition is more natural than the one above, and we have the notion of 
cobordism of pairs with normal & -structure. 

q 

Cobord ism of Maps. 

A map means a continuous (or, if preferred, smooth) map 

of compact smooth manifolds. If V and W are cobordisms, and ¥ : V -> ¥ 

defines by restriction maps F : 3 V-» 3 W and ¥ : 3 3 I, we call F 

-- - ++ + 

a cobordism of F to F . In particular, a homotopy of f is a cobordism. 

Since (c,f, proof of 0, 2.1,l) every map is homotopic to a smooth map, and 

homotopic smooth maps are smoothly homotopic, the restriction to smooth maps 

f makes no difference. The special case when f is an embedding gives 

cobordism of pairs above: we oould also restrict f to be an immersion. Also 

since (il, 5.3) if n > 2m, any map is homotopic to an embedding, and if 

n > 2m + 1, homotopic embeddings are isotopic, all these theories agree in 

such a stable range. It is also possible to replace f by an embedding in 

N xB^ 1 , and restrict the group of the normal bundle, 

Cobordism of Bounded Manifolds 

Let W be a manifold with corner; suppose the closed parts into vThich 

AW divides 3W are separated into three, with disjoint interiors: 3 W, 3 U 

and d W. where d W and 3 W are disjoint, and the manifolds 3IU3U 

and 3 JflT have common boundary AW, Then we call W a cobordism of 3 W to 

3 W. We also write A W = AW Pi 3 W = 33 W and A W = AW Pi 3 W = 33 W, 30 
+ - - - + + + 

3 J is a cobordism of AW to A W. 
C — 4- 

By itself, this definition gives nothing: any manifold M with 
boundary is cobordant to the empty set by the manifold W obtained from 
M x I by rounding corners at M x 1. So the interesting cases are those in 
which an extra condition is imposed on the cobordism djf> 



Cobordism with a coho mology class; bordjsm 

First consider pairs (M, a) with a s H^M; G-). Then (W, a) is 
a cobordism of (5J7, /3) to (S + Ti7, y) if a restricts to j3 on 9_W 
and to y on 3 + w « Now the functor H P ( ; G-) is representable by the 
ELleriberg-MacLane complex K = K(G-, r), so we can equally regard a as 
a homotopy class of maps M -> K. 

More generally, let K be any space and consider pairs (l, a) 
where a is a map M ->■ K. The definition of cobordism is the same as 
above. Note that if S : M x I -* K is a homotopy of a to a', (M x I, S) 
oan be regarded as a oobordism of (ll,. a) to (M, a')« ^ e shall later 
consider the dependence of the notion on K (rather than M), and will 
then say that (M, a) determines a bordism class of K. 

If L is a subspace of K, we shall also consider the oobordism 
relation for manifolds with boundary, where (M, a) is a pair consisting 
of a manifold M with boundary and a map of pairs a : (M, 9Ivi) -* (K, L): 
a cobordism will be a pair, (W, /?) where /3 : (V/, 9 W) -» (K, L) restricts 
to the given maps of (a W, A W) and cf (3 I, A W) . 
Equivariant oobordism 

Let G- be a Lie group, which it is convenient to assume compact. We 
consider pairs (M, <p) where M is a manifold and </> : M x G- -»■ M defines a 
smooth action of G- on M. This induces a G-action on 9M. Then if W is 
a oobordism, with G-action cp, ("', <f>) is an equivariant cobordism of (3 1! 7, <p ) 
+.0 (a + W, ? + ) if <£ + - are G-actions induced by A 'variant is obtained 

if we restrict the isotropy groups of cf> to lit in an assigned class of 
subgroups of & - fqr example, if we have fixed-point -free actions. 

The remaining examples involve oonnectivity, and we will see in Chapter 

2 that they are of a slightly different nature: we shall call them all 'of 
type (C)<. 

Connec ted cobordism 

Here we consider only connected (hence, in particular, non-empty) 
manifolds M. The oobordisms are restricted by the requirement that d W, 

3 W, and W all be connected. A natural extension of this is 
k-oonneoted oobo rdism 

We now require M to be k-connected, for some integer k > 1* In this 
case, of oourse, M is orientable: we make the further convention that M is 
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oriented. The corresponding kind of cobordism is an oriented cobordism W, 

r.r.ii.";:- ■?u.-;r. <■■£ ',' " , 'i ^ :-. t- > ^■/..•iiec + . L\. . :sse: k. - 

will later play a special role. Also if dim M $ 2k, then M must be a 
homotopy sphere . 
h-eo'bordism 

The natural way to fit this into our present context seems to be to 

fix a space X, and insist that each manifold M under consideration be 

provided with a homotopy equivalence h^ : M -»■ X. A cobordism W must then 

satisfy the condition that h^ extends the maps h^ ^ and h^ ^: this 

+ 

implies that the inclusion maps of 3 W, d + ¥ into W are homotopy equivalences. 
It is usually more convenient in this case also to restrict to o.riented oobordism. 

The only case to be singled out later is when X is a sphere. 
I-cobordism 

Here, X is a fixed closed manifold, and we consider only pairs (M, li^) 3 

where h„ is a diff eomorphism of M on X. A cobordism is a pair (W, h, ) 

where W is a diff eomorphism of vT on X x I inducing the diff eomorphisms 

h^ iy x 0, h^ ^ x 1 on the boundary. Naturally, this again is a trivial 
+ 

theory which >vill only use in conjunction with others: we usually indicate 
its application when X is a sphere S n (the commonest case) by referring 
simply to 'cobordism of S n '. 
Concordance 

X is a fixed finite simplicial complex, and we consider pairs (M, h^ ) 
where h^ : X -> M is a smooth triangulation of M by a (linear) subdivision 
of X. Gobordisms must be triangulated by X x I. We shall not give the theory, 
nor full definitions for these notions, but mention them for completeness. The 
word 'concordance' 1 is sometimes also used for I-cobordism. 
Cobordism with a homotop y c lass 

Consider pairs (M, a), where Iff 1 is simply-connected (so that base 
points are irrelevant) and a e ^(M) . We call (W, a) a cobordism of 

(d W, /3) to (d + W, y) if the inclusion maps send /3 and y to a. We 

r 

oan also replace homotopy by homology, or the sphere S by another 

space K (and in some cases weaken the requirement of simple-connectivity) . 

We will later need the restriction n - 2 5 r (or dim K) . 

Theorem 1.1 In all oases , ths relation "M is cobordant to M'" is an 

equivalence relation. 
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Definition The equivalence classes are called c ob ojfdi . s m ol asses . 

Proof Reflexivity We use Ji x I to provide a cobordism of M to itself. 

In each case, any additional structure on M automatically defines one on 

M x I which extends it: for the natural projection ir on M is a homotopy 

* 1 

equivalence, so the homotony conditions extend, it t © e =-,,_, and a 
^ ' m Mxl 

G-action on M defines one on M x I by the formula (m, t)g = ('.Lg, t) . 

That M x I provides a cobordism of H to itself is now trivial except in 

the case of cobordism with a structure group, ".There we must use our 

convention about orientation. 

w 

Symm etry Let W be a cobordism sf 5 W to d^W: we wish to 
interchange their roles to call it a cobordism of 3 W to 5 + W. This again 

is trivial in every case except that of cobordism with a structure group, 

where we must change the (weak) G-structure of W to 'interchange the ends'. 

We change it by observing that one weak structure induces another, using the 

identification of #• e with itself induced by reflection in one of the 

r r+1 
line bundles constitutirg e . The induced structure on r ,~ & e differs 

9 ' 

from the desired one by reflections in two line bundles: the product of two 

reflections is nomotopic to the identity, so the induced structure is 

equivalent to the ona required. 

Transitivity • Let W^, W^ be cob ordi sins with = d W , 

I" = 3 I, = 3 W . N = 3 Yr. To obtain a cobordism of M to N . we will 
1+1-2 2+2 O 2 

glue W to along (c.f. I, 7). This works without difficulty for 

cobordism with a structure group (our convention is natural here) and for most 
of the others. In fa^t, we need only take care with the glueing for cobordism 
of pairs and for equi variant cobordism. 

In the case of pairs, let (i^, F^) = 3 Ofl^, V ± ) = 8 ('■Y , . We 
choose collar neighbourhoods of in and in W^ which respect the 



now 



subiaanif olds and V^: this is possible by I, Theorem 3.6. If we 

glue, U becomes a smooth subiaanif old. 

For G— cobordism, we first observe that every G-manifold has an equivariant 
Rxemannian structure, obtained by taking any such structure, looking at its 
transforms by elements of &, and integrating with respect to Haar measure on 
& (which is legitimate since the Riemannian structures form a convex subset of 
a Banach space). The construction of I, Prop 3.1 now gives equivariant collar 
neighbourhoods of the boundary; glueing as in I, 7.1 we see that the action of 
G- remains differentiate . The proof of the theorem is now complete. 
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C hapter 2 Cobordism groups and rings . 

We next investigate the various possible structures that can be put 
on the sets of cobordism classes: here the two key remarks are that disjoint 
union will (in most cases) define a sum operation making the set of classes 
an additive abelian group, and that Cartesian product induces various 
multiplicative structures. A few more delicate operations 7/111 be defined 
later on. 

Lemma 2,1 Disjoint union defines an addition which turns the s et of 
cobordi s m class es (of a g iven dimension) in to an abelian group, except 
for cobordisms of type (c) . 

Proof The other kinds cf structure pass at once to the disjoint union. 
Union is compatible with cobordism: if V, W are cobordisms of 9 V to d^V, 
d W to 9^7, then the disjoint union V, W is a cobordism of 3 VU3 f 
to 9 + V U 3 W. Thus vre have a binary operation on the set of cobordism classes, 
which is coaiautative and associative since disjoint unions are. The empty 
manifold acts as zero. 

We obtain an inverse to M whenever M x I may be regarded as a 
cobordism of the disjoint union Ivi x U M x 1 to the empty set (the induced 
structure on M x must coincide with that on M : on M x 1 it can be 
different). This is immediate in each case except cobordism with a given 
structure group, where we have an orientation-reversal on M x 1 (as in the 
proof of symmetry in Theorem l.l). 

In the cases where connectivity is important, v/e will use connected sum 
instead of disjoint union. For h-cobordism and I-cobordisra we need to take 
X as a sphere for this to give a group structure: in other cases it gives a 
map relating three different cobordism sets (of XL^, X^ and XL^ # X^) - as 
indeed did disjoint union. 

Lemma 2»2 In all cases except cobordism of maps and equivariant oobordism, 
connected sum of c o nnected manifolds of d ime nsion > is a commutative 
associative operation 'with un it, compatible with cobordism . The set of 
equivalence classes thus acquires an ab elian group structure, provided for 
h- and I- cobordism we take X as a sphere. In cases where disjoint union 
and connected sum both define a group structure on co bordism classe s, the two 
structures are the same. 



Proof We first check that connected sum can be made compatible with all the 

extra structures except a G-action. If i.^ and 1^ are k-connected, so is 

i/L^ # M - except in the trivial case when dim S k (so the are 

contractible, and have boundaries). For h-cobordism, we have maps h : -> X^, 

7fhere the X can be taken as manifolds. It is then simple to adjust the 

h. by homotopies to respect the discs used to define &, and thus obtain a 

homotopy equivalence £ 11^ -* & X^. The corresponding assertion for 

I-cotordism is trivial. Weak G— structures can be defined near the discs 

f . (33 d1 ) C M. by framings, induced by the f . from the standard framing 

e , .... e of H 10 . If e is the extra basis element when we add a trivial 
1 m in+1 

m m 
line bundle to r , we change the framing on D as follows: at v e D , 
m 

refleot in the hyperplane perpendioular to e m+ -]_ ~ v i then in the one 

perpendicular to e m+ -j_" This can be aohieved by a homotopy (D m is contractible). 

If the new framing is e' , .... e 1 _, , then e' _, is the inward normal vector 

1 m+1 m+1 

to S m_1 in D m . Thus the weak G-struc cures on IvL^ - f^D" 1 ) and M - f ^i^) 

fit together along S m 1 after changing the sign of e, m+ ]_* ^ or cobordism of 

connected pairs, we glue both manifolds simultaneously, using imbeddings 

f : (D n , D m ) ->■ (N, li) - the theory of this operation is essentially the same 

as for ordinary connected sum. With homotopy classes, we consider pairs 

(M?, a ), a. E 77 (M ). Here we need r < m - 2. Then a. determines a 
* i x i r x i' i 

homotopy class in Ijf - Int f_^(D m ), and henoe in # M^: we add the 

resulting classes. With cohomology classes, we first adjust the maps 

a : M. ->■ K by homotopies so that a f . has image the base point: we then 
i x ix 

have a natural induced map of # M . 

In each of these cases, the operation is clearly commutative and 
associative, and the sphere S 11 (associated to the weak framing induced 
by that of ]R m+ "'', and zero homotopy and cohomology classes) acts as unit - 
this needs a momentfe thought in the case of a structural group. 

We must next check that the operation is compatible with cobordism. First, 
there is a question of orientation: but if any condition on structural groups 
provides an orientation of the manifold, the connected sum is unique: if not 
(but the manifolds are still orientable) we can take a further connected sum 
with a nonorientable manifold, and orientation becomes irrelevant, and we then 
add the inverse of the manifold (see below). 
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[Note here the use of an earlier oonvention that if other conditions on a 

manifold require orientability, we add an orientation to the specifications]. 

Next, let V and W be connected cobordisms, of dimension n + 1, and 

f : D n -»■ 3 V (similarly f , g_, g ) be used to define the connected sums 

3 V {? a T, a V £ a W. As above, we suppose either that all manifolds are 

oriented or that V, W are ixinorientable. Then we can join f (0) to f (0) 

by an arc a in V, and thicken to obtain an imbedding F : D n x I -> V with 

f = F|D n x and f - F| D n x 1 (if orientations do not fit at the first 

attempt, V is by hypothesis nonorientable, and we compose the homotopy class 

of a with an orientation-reversing loop). The hypothesis n » 2 is needed 

to use general position to get the arc imbedded, but if n = 1, a more direct 

oonstruction suffices. Similarly define G- : D n x I -» Tf. Novf delete the 

interiors of the images of F and & and glue the boundaries, and we have a 

cobordism of a V # 8 W to 3 V 44' 3 W. The verification that this construction 
- - + + 

is compatible with extra structures is the same as f r # itself, except in 

the case of simple-connectivity. Here, if n > 2, general position shows that 

the complement of an arc in V is simply-connected if V is, so we consider 

2 

only the case n = 2. The only simply -connected closed 2-manifold is S , 
2 

and if S = 3 V, observe that 77^ (V - a) is generated by conjugates of a loop 

2 

encircling a, which can be taken in S , but is then already mullhomotopic in 
2 2 

S - f (D ) (a contractible set). So V - a is simply-connected in this case also. 

It remains to obtain inverses. Note that ' S n bounds D n+ "'', and the zero 

structures on S n all extend to D n+ ~'". Conversely, let W be a connected 

cobordism with 3 W = a. Then we assert that 3 W is cobordant to the zero 
+ 

class. For deleting the interior of an imbedded disc from W, we obtain a W 
with 3 W = 3 W, 3 + W = S n . The verification that a structure on W induces 
one on W is again the same as for it, and the induced structure on S n 
extends to D n+ "'", hence is the zero structure. 

The inverse is now obtained by change of orientation, as usual: say 
M gives rise to ii'; together they bound M x I. Now take an imbedding 
f : D m -»■ M: this extends to f x 1 : D m x I -> M x I. Delete the interior of 
the image and round the corners: this gives W with 3W = MS M*. But now 
any structure on M induces one on I.I x I and (again by the same argument as 
for #) on W. Thus M' is indeed inverse to M. Note that in the cases of 
I- and h- cobordism with X = 3 n , this construction gives W diff eomorphic 
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(resp. homotopy equivalent) to D n+1 : then deleting an imbedded diso gives 
W diff eomorphic (or homotopy equivalent) to S n x I. 

The last assertion of the lemma is checked by constructing a cobordism 
of M U M' to M it IV: for this we take li x I U IV x I and attach a 
1-handle to join i>; x 1 and M' x 1. Then for a structure group, a pair, 
or a cohomology class (the three remaining cases), we note that we can 
use a framing over the added handle, add a handle-pair (with trivial normal 
bundle), or map the handle to the base point. 

This concludes our discussion of additive structure. There is less 
to say about multiplicative structure in general which is not obvious: the 
general rule is thai; the natural ('external') product is a little too precise, 
and 77 e must weaken its induced structure to obtain a more useful multiplication. 

First, products are compatible with cobordism: if V7 is a cobordism 

from d 1 to d 7, then v7 x M is a cobordism from d x M to 3 ? x M. 

+ - + 

Also, products are associative, and distributive over disjoint union. (though 
not over connected sum), and there is a natural dif isomorphism of M' x M on 
M x M', which gives rise in most cases to some sort of c ommutativity of 
multiplication. 

Next, let us examine cases in a little more detail. If M^, M have 

weak G^ resp. G^-structures , then x fcl^ has a natural induced weak 

G x G -structure, and hence also G -structure if we have a morphism ip : G x G -> G 
12 3 12 3 

(see next chapter for definitions) this includes oriented cobordism, for example,. 

If (ivL^, V ) and (M^, V^) are pairs, the natural product is a set of 
4 manifolds. Here, the most useful notion is to multiply a pair (m, V) by a 
manifold M' . Note that the group of the normal bundle is unaltered. 

Again, it is unwise to multiply two manifolds with boundary - the 
resulting structure is so complicated - and it is more likely to be profitable 
to multiply manifolds with boundary by closed manifolds. 

Equivariant cobordism has a natural external product: actions of G on 

Ivi and of H on N induce an action of G x H on M x N hence of. any 

subgroup. If, in particular, G = H, we have a diagonal action of G. 

' The one remaining case (since we exclude connected cobordisms, after our 

failure to obtain distributivity) is cobordism with a cohomology class. Given 

two pairs (M , ol ) and (M , a ), where a : K -> X , the exterior product 
11 2 2 x i i 

is the pair (f,L x M , a x a ). ~fte will usually have a map f : X x X -> X , 
X 2 1 a 2 123 

and replace a x a by fo (a n x a ), to obtain a bordism class of X . 

X 2 -L ^ 3 
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This seems the most appropriate place to mention a general method of 
constructing exact sequences, several illustrations of which will appear later. 
Here we will not be too precise. 

Suppose two kinds of structure specified, called an a-structure and a 

/3-struoture, with the latter stronger than the former. For example, we may 

consider structure groups G-^ and G-^ C & , or maps to spaces and 

X^ C X^, or actions of groups and D H_^, or k^-connectivity and 

^2^ y k) -connectivity. 

By Q a and we denote the cobordism groups of manifolds with 

n n 

a-(resp. j3~) structure; and by the cobordism group of bounded manifolds 

with a-struo .ure , whose boundaries have a /3-structure inducing the given 
a-structure. 

Lemma 2.3 The re is an exa ct s equence 

n n n n-1 n-1 

Proof (sketch) The first two maps are the obvious ones; the third is 

induced by taking the boundary. Exactness at \'i is immediate. It is clear 

n— 1 

that the composite of two maps in the sequence is zero. If M is bounded, and 

SM (as a /? -manifold) bounds V, we can glue M to V along 3M to obtain a 

closed manifold M' with a-structure. A oobordism W of H' to M is 

obtained from M' x I by introducing a corner at 3M x 0, and setting 

31- M x 0, 3 77 = V x and 3 .7 : M' x l'i Finally, if the closed- a4manif old 
- c + + '1 

M xs trivial as a bounded (a, ,3) -manifold, the corresponding cobordism W 

has d W - M, d W = <£, and so 5 W a closed fl-manifold, a-cobordant to IvI. 
- + c r ' 

Si some cases, any manifold with a-structure then has a /3-structure except 

cc P 

on a closed subcomplex or sub manifold. Then Q can be calculated differently, 

n 

for if M is a bounded (a, /3)-manif old, K C Int M the exceptional subcomplex 
and L a 'smooth regular neighbourhood' or tubular neighbourhood of K, then M 
is (a, y3)-cobordant to L by obtained from Li x I by rounding the corner 

at SM x 1 and introducing one at 5L x 1. An analogous remark applies to 
cobordisms . 
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Chapter 3 Example a 

Before we proceed with the "theory, we give here a number of examples 
which show how the different variants on the simple cobordisin relation, as 
listed in Chapter 1, may be combined in useful ways. We also take the 
opportunity of introducing the notation for those groups to which we will 
refer later, and of making clear the application of the results of Chapter 2 
to the cases which arise (though we shall not repeat the proofs). 

The simplest case of all is unrestricted cobordism of closed n-manifolds. 

We obtain a group, classically denoted by "Al n : ^ u "t which (to fit into a 

systematic notation) we shall write as Q^. Multiplication gives a commutative 

and associative product rP x fi^ -> . and a point acts as unit. We thus 

m n m+n 

have a commutative graded ring Q . Each element is jts own additive inverse, 

so we can consider as an algebra over Z . 

* Z 

SO 

Next we have oriented oobordism, giving a group Q (formerly 

v/ritten Q ) . Multiplication gives a graded ring, as before, which is 

SO 

commutative in the graded sense, and has a unit: we write Q . 

* 

More generally, let G- be any stable group* We consider the cobordism 

groups of manifolds with weak G— structure on the stable tangent bundle - say 

G- G- G- G- 

provisionally Q 1 . Then we can obtain a bilinear product Q' x Q' -* Q r 

n ^ m n m+n 

by imposing on G- the axiom. 

(M) We have a family of m-ps di • G- x G -* G- such that the following 

m,n m n m+n 

diagrams commute up to conjugating by an element in the component of the identity: 

&x&i & & x & % & & x & ^> & 

m n m,n m+n m n m,n m+n m n m+n 

1 i X 1 I i I lxi I i I d> y.d> ]d> 

v m ^ m+n •*> n 4- m+n m n m+n 

& m+l * & n m+l,n & m+n+l & x C- ., % G- n &L (B.) x G-L (3R) -> G-L OR) . 

m n+1 m,n+l m+n+1 m n ' in+n^ 

The product becomes associative if we impose also the axiom 

(A) The following diagram also commutes (in the same sense) 

iffjf xl 

&. x & x & a x G 

& m n £+m n 

|lx0 10, 
^ m,n 4- £+m,n 

-5 m+n -fi+m+n. 



14 

Q. 

The product gives a commutative graded ring f> if we insist also on the 
diagram 

(c) & x & ja+njaiiu g-l Or) 

m n rn+ii 
J* J?' 

G x & 9m+n ^ n ? m > GL OR) 

n m m+n ' 

where T is the natural interchange of factors, and T' means conjugation 

by an element wiiose determinant has sign (-I) 1111 . 

We shall also need a stability axiom 

(s) There is a f unction of n, increasing (in the weak sense) and 

tending to infinity, such that i is' q .-connected. 
2 >L2. n n 

We now show that if (S) holds, we can replace the structure group on 
the stable tangent bundle (which has been a constant source of difficulty 
up to this point) by a structure group on a normal bundle. 
Lemma 3-1 Suppose given a commutative diagram 

& x & % & 

r s r+s 

i^r^s i^r+s 

gl (fa) x gl Oh) -»• &l 6r) 

r s r+s 

such that the map ip : Jj _ -> & r+3 induced by ip ±3 c-conneoted. Let K be 
a C.W. complex of dimension $ min (o, r-2 ), and 77 s ve ct or bundles over 

K, with a G^ -structure on 77 . Then the functio n f induced by ip from 

i* r s 

& - structures on £ to & -structures on £ ® 77 is bi jective . 

,_ 11 ■ IM*S 1 ■ 11 " ■ 111 — - .1 111 . 1 ii 

Proof Let X^ be the classifying space for &^(i = r, s, r+s); E^ the 
total space cf the principal bundle with fibre GL. (E) induced over X . by 
Write E^, E^, f° r "the spaces of the corresponding principal bundles over 

IC Then G^-structures of £ correspond to sections of the bundle over K with 
total space E^ x ^ ^ E^; similarly for £ © 77. But the G^-structure of 77 
induces a fibrewise map 

E £ * &Lrfc) E r %n * flSr.,^) S r+s (l) 
■» r r+s 

< and the induced map of fibres is EL ~* E , which is at least min (c + 1, r - 1 

r_ r+s 

connected since X -+ X is (o+l) -connected and GL (JR) -+ &L (R) is 
r r+s x r ^ r+s 

(r-l)-oonnected. Thus (l) is at least (l+dim K)-connected, so any map of K 
to the second term can be f actorised (up to homotopy) through the first, and 
f is sur jective; moreover, the result is unique up to homotopy, so f is 
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bijective. (We use the well -known result - a corollary of the homotopy lifting 
theorem - that sections of a bundle are nomotopic only if they are homotopic 
through sections). 

Corollary 5.1.1 Let Ivf c3R m+ ^ have a we al; G— struc ture, where t he stable 
group & satisfies (ivl) , (A) and (S), and q^ £ m. Then th e normal, bundle 
has a G-.^- structure ; conversely, this implies a weak G-structure on M. 

In this case, £ & r] has a standard framing, and hence G— structure. 
We use (A) only to identify the ip of the lemma with a composite of maps i^. 
Curollary 3.1.2 If & satisfies Q ,l), (A) and (S), and N > m + 2, q > rn + 1, 

then n'^ is isomorphic? to the cobordism group of pairs (S m+N M 21 ), with & 

m ' ' — — : — — — i JJ 

as group of the normal bundle. 

Strictly speaking, this uses the extension of the lemma where we fix a 
G— structure of the restriction of £ to a suboomplex of K: the proof is the 
same. It is more convenient to use normal than tangent bundles; accordingly, 

Q. 

by fi we will denote the cobordism group of m-manif olds with a G— structure 
on the stable normal bundle. By (3.1.2), under (M), (a) and (S) we have 

m m 

Let us observe, before leaving our general discussion of cobordism with 
a structure group, that if the r (k ) are no ^ contained in the identity 
components of the groups G-L^(lR), then the 'orientation reversal' used in 
Lemma 2.1 to define inverses does not in fact change the G— structure; up to 
homo topy, we can realise it by conjugating by an element of G-, In this case, 

Q. 

we call G- nonorientable , and observe that fi oan be considered as a"Z. -module. 
— , s- * 2 

Q. 

Otherwise, we call G- orientable; then the class of a point in Q clearly 
has infinite order. 

The important examples of stable groups & are the classical groups 
0, SO, Spin, U, SU and Sp, and the trivial group [l] . Of interest also are the 
groups Spin°, Pin, and Pin° of Atiyah, Bott and Shapiro (Topology 3 supp. 1; 
see esp. pp 7-10 ) . Clearly, there are many ways of inventing more: for example, 
we can take products of the above with each other or with any group of linear 
operators on a finite dimensional vector space. 

We next consider pairs where V has a weak G— structure and 

the normal bundle an H -structure. We introduce no notation for this, since 

q 

the oobordism problem here can be reduced to the prvious case. More generally, 
consider the situation if c ^ C S m+ ^ +r , where the structure groups of 
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the normal bundles are and G^. Then the normal bundle llT c g m+<1+r 

has an II x G -structure. 

q r 

We shall only consider the stable case r > m + q + 1 where the 
imbedding of V in S is irrelevant (we can always find one, and any two 
such are isotopio, by (il, 5.3) ), though this restriction could be somewhat 
weakened. 

Lemma 3.2 Suppose compact. Then the pair (V 1 " 1 "^, Id" 1 ) is 

H^) -cobordant to the emp ty pai r if and^ on ly if V m " H1 is & -cobprdant 

to zero and 1^ is & x H -cobordant to zero. 
r — q 

Proof The necessity of the condition is evident. Yfe shall prove sufficiency 

by establishing a principle of 'extension of cobordisms' (c.f. homotopy extension) 

which will frequently be of use when considering oobordism of pairs with 

various restrictions. In this cc.se, we need a construction to extend a 

G x H - oobordism of to the empty set to a (G x H )-cobordism of 

r q r J s r q 

(V, M) to a pair (V , p). Since oobordism is an equivalence relation, it 

follows that V is G^-cobordant to <f>, say by W; then (W , <j>) is 

the required (G^, H^)-cobordism of (V, cp) to cp) . 

Now since is compact, we can suppose that it acts orthogonally 

on jR^-. Let N m+ ' 1 " be the given G^ x H^-oobordism of M to cp: then there 

is an induced bundle over N Y/ith fibre D^, whose total space we denote by 

^m+q+l^ Note that the restriction to M of this bundle is the normal bundle 

of M in V; hence we can identify a tubular neighbourhood of M in V with 

part of the boundary of L. We form V x I, and attach L to V x 1 by this 

identification, giving W. Since L and V x I have fr^-structures , whioh 

agree (by hypothesis, N is a oobordism of M with the fr^ x structure 

induced from V) on the part identified, w m+<1+ " 1 ' has a G^-structure . .Also, 

M x. I U N = N' is a submanif old whose normal bundle has group H^. 

Set V x = d W. Then (W, I\P) is a (& , H ) oobordism, and 
— r q 

N' O 3 + W = cp. This completes the proof of the lemma. 

Corollary 3*2,1 The oobordism group of pair s (V 4 * if), where V 

has a weak G— struc cure and the normal bundle an H -structure (H compact) 
. q q 

is isomorphic to Q © U 1. 
i m+q — m 

Proof We have defined a map to the direct sum, and proved it a 

GxH 

monomorphism; it clearly respects additive structure. The map to Q 1 
is onto, for given a (G x H^)-inanif old if, we oonstruot as above a bundle 
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over M with fibre D^, and can take V as the double of this manifold. 

Q. 

Finally, the imae'e contains ft © 0: we need only consider pairs with M 
J ' ° ra+q 



empty. 



We observed in Chapter 2 that the collection of the above cobordism 



groups (with m varying) was an Q module if & satisfied all the axioms. 
The- module structure clearly respects the direct sum splitting: thus 

&xHq an n^_ mo dule - as is indeed clear directly. Note that if & is 
a stable group [satisfying (S)], then so is & x H . 

Next, oonsider bordism: we denote the cobordism groups of manifolds 
with weak G— structure and a map M -> X by Q t (X): thus Q = n (point). 
If M has a boundary, (X, Y) is a pair, and we have a map (M, 3M) -> (X, Y), 
we obtain a group Q (X, Y) . It is also possible to use a group other than & 
(but mapping into G-) for structure group of t ^: this extension appears less 

interesting. If X has a base-point * , the natural maps * ->• X -> * induce 

P n p G- G- G- 

n -»■ n (X) -> n which split n (X) as a direct sum fi e ?J (X) . We will 

consider bordism in mora detail in Chapter 5. 

For equivariant bordism, we let H be a compact group of operators, 
and A a family of subgroups of H; & will continue to denote a stable group. 
Then the cobordism group of manifolds with G— structure and an action of H 
such that each isotropy group belongs to A will be denoted by I (H; A). 
Note here that H must act on the G— structure. Since everyl isfrtrcpyi group is 
necessarily closed, and since if a given subgroup of H occurs as isotropy 
group, then so do all its conjugates, we may always suppose that A is a 
union of conjugacy classes of closed subgroups. Equivariant cobordism will 
be studied in Chapter 7. 

As to connected cobordism, we observe that already in Leiima 2.2. we 
proved that disjoint union was cobordant to connected sua, so that in 
dimensions > 1, the connected cobordism group maps onto the usual one. The 
map is in fact bijective, since if "7 is a cobordism to <fi of a connected 
manifold 9 W, then so is the component W of W which contains 9 
There are analogous results for k-connected cobordism, but we postpone these 
until the section on surgery (Part VT). 

By Lemma 2.2, h-cobordism classes of homotopy n-spheres form a group: 
we denote it by 8 . Consider pairs (T n+<1 , if 1 ) , with a diff eomorphism 
T n+< ^ -> S n+< ^" and a homotopy equivalence T* 1 - S": vie obtain another group 8 . 
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If we frame the normal bundle also, we have a group ^ we replace the 

homotopy equivalence T n -+ S n by a diff eomorphism (i-cobordism of pairs), 
we get a group C^: if we also have a framing, we obtain ^ it i s 

replaced by a smooth triangulation by a (linearly subdivided) simplex 

a q 
boundary, we get groups r , T , FT and Ff . 
J ' oox n n n n 

Further groups are obtained by making strong restrictions on the 

boundary. For example, call a manifold 1$^ almost-closed if a 

homotppy equivalence h ^ : 9M -> S m ^ is given. The corresponding kind of 

cobordism is that in which 3 f is an h-cobordism. We write P for the 

c m 

cobordism groups of framed, almost-closed m-manif olds ; for the group of 

pairs (S m+< ^ \ M™), with framed normal bundle and 9M almost-closed, and 

DP^ for the group of pairs (D m+q -, [^) with the same restrictions (here, 
m 

if is a submanif old of D m+ ^ but for P^, was a submanif old with 

m 

boundary of S m+< ^ ), Ghapte? Sottas.' .to. have giyeiu^exaivt sequences which relate 
these groups of structures on spheres, but again we postpone fuller discussion 
until Part VX± 

To illustrate the generality of the definitions in Chapter 1, we point 
out that the ordinary homotopy groups appear as a special case of cobordism 
groups: more precisely, " t ^ le S rou P °f I-bordism classes of maps 

S n -+ X: our definition of the equivalence relation, and of addition, coincides 
with one of the traditional definitions. 

'.7e give no examples of cobordism with a homotopy class: no research 
seems to have been done in this direction. 
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Chapter 4 Thorn theory 

Let £ be a vector bundle with total space E^ and base B . If we 
assume at least that £ is numerable (i.e. that there is a partition of unity 
subordinate to an open covering over each set of which £ is trivial), then 
the structure group of £ can be reduced, essentially uniquely, to the 
orthogonal group. We then define the Thorn spac e of £, denoted by T^, by 
talcing the subspace A^ of E^ of all vectors of length £ 1, and 
identifying to a point (denoted °°) the set A^ of vectors of length 1. We 
note that if is a G.W. oomplex y4 sja is T ' if . B Is a sit'coth manifold, 

we can give £ the structure of smooth vector bundle, and E^ and T^ - [»] 
then also acquire the structure of smooth manifolds. If is oompact, we 

can give an alternative description of T^ as the one-point compactif ication 
of E^: . the equivalence of this with the above follows from the observation 
that E^ is homeomorphic to the subbundle of vectors of length < 1. 

Nov/ let M* be a submanif old of the compact manifold (perhaps with 
boundary) V m+< ^, £ the normal bundle. Then we can find an imbedding 
h : A^ -»• V defining a tubular neighbourhood of M in V (i, Theorem 3.5). 
If we now take V, and shrink to a point the complement of Int h(A^), we 
obtain a space, and h defines a homeomorphism of T^ onto that space: thus 
we have an induced map V -»• T^ . This is a preliminary version of the Thorn 
construction. 

Next, let B(&) be a classifying space for &, where & is a 
topological group of orthogonal operators on ]r5, let w(&) : E(&) -»• B(&) 
be the universal bundle with fibre 3R^, having subbundles A(&) with fibre 
and a(G) with fibre S q_1 . We denote the Thorn space by T(&). In the 
sequel, we wish to be able to consider B(&) as a smooth manifold, hence 
must weaken the requirement to being N-classif ying, for some large enough 
integer N. Thus we can first replace the original B(&). (given - say - by 
Milnor's construction) by the (rJ + l)-skeleton of its singular complex; next 
provided the homotopy groups of B(&) (or equivalently of &) are countable, 
by a countable (N + l) -dimensional simplicial complex; then by a locally 
finite one, and finally imbed this last properly in Euclidean (2N + 3)-space 
and take an open neighbourhood of which it is a deformation retract. More 
simply, if & is a compact Lie group (the only case of importance in the sequel), 
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we use the orbit space under the diagonal action of G- on the join of 
(n + l) copies of itself. 

Finally, given a pair (v m+<1 , m") of compact manifolds, and a 
reduction to G- of the group of the normal bundle £, we can find a 
bundle map £ -> w(&), which induces a map (A^, A^) -> (A(&), A(&)) and 
hence T^ -»■ T(&). 1& say that the composite map V m " H1 -> T^ -> T(&) is 
obtained by the Thorn construction . 

The first significant result in cobordism theory is that the 
oonstruotion can, in a sense, be reversed. 

Theorem 4.1 Let & have countable homotopy groups. Then the Thorn 
construction induces a bijective map of the s et of cobo rdism classes of 
pairs with V fixed and & as struc ture group of the normal 

bundle, onto the set of homotopy classes ["V : T(&)] . If V is a spher e, 
the map is a group isomorphism . 

Proof We must first show that the map is well-def ined. Let ("V x I, N m+ "'") 
be a cobordism of the appropriate kind, and suppose the construction already 
performed on the pairs ("V x 0, 9 N) and (V x 1, 9 N) . It follows easily from 
the tubular neighbourhood theorem (i, 5.4) that the chosen tubular neighbourhoods 
of 9 N and 9 N can be extended to one of N in V x I, from which we oan 
construct a map V x I -> T y (v the normal bundle of N in V x i) extending 
the given maps on V x and V x 1. Again, by the homotopy extension 
theorem, we can find a bundle map v -> <j(G-) extending the chosen map3 over 
9N. The composite V x I ■-* T_ '-»■ T(G-) is now a homotopy between the given 
maps V -> T(&). Hence we have a well-def ined mapping of the cobordism set into 
the homotopy set, 

We next prove the map onto. Since & has countable homotopy groups, 
we can suppose B(&) a smooth manifold, and hence also T(&) - [°°] . We 
identify B(&) with the zero cross-section in E(&), and hence with a smooth 
suhmanifold, closed in ICG). Observe that when we perform the Thorn construction 
on (V m+q , iT) to obtain a map f : V -> we have f _1 (B(&)) = M^, since 

the construction is induced from a bundle map A^ -> A(&) . Now, conversely, 
suppose given a map f : V.-> T(&)i By (II, 4.2.1), we can approximate f by 
g : V-> T(&), transverse to the submanif old B(&): the fact that » is a 
singular point of T(&) is irrelevant, since we can take g = f in a 
neighbourhood of f 1 (°°), by (il, 4.3). If the approximation is close enough, g « 



Sinoe g is transverse, by (il, 4.0), M = g~ (3(G-)) in a subroanifold of 
V m+< ^ Also, by the definition of trans versality, g induces a bundle map 
of the normal bundle | to M in V to the normal bundle of B(G-) in 
T(&) which, by def initio, is none other than <r(&). Thus the pair 

defines a cc'iordism class cf the right kind. Finally, we show- 
that this cobordism class maps to the. homotopy class of g. We have already 
said that g induces a bundle map £ -> w(&): if we use this map in the Thorn 

construction, then the resulting h : V 214 "* -> T(&) agrees with g, together 

m 

with its derivatives, on M . After a small homotopy, then, we can suppose 
g = h on a neighbourhood of M. But the complement of suoh a neighbourhood 
is mapped, both by g and by h, to T(&) - B(G-), which is contractible . It 
follows that h - g, as asserted. 

We must now prove that the map is infective. But this follows by 
almost exactly the sarae arguments. Suppose given M C V x 0, c V x 1 
giving rise by the Thorn construction to maps f , f : V -> T(&), and a 

O -L 

homotopy F : V x I -> T(&) between f and f^. By (II, 5.l), we can replace 

F by a homotopy F' of f to f^, which is transverse to B(&). Let 

N - P' ^"(b(&)). Then N is a submanifcld of V x I, and provides a cobordism 

of M to IL . Also, the normal bundle of N is induced from and so 

O 1 . 

admits structure group &. Finally, this reduction to & induces the given 

reductions of the normal bundles of M , K, (since F' extends f and f n ). 

■ • ■ . O 1 O 1 

If V is a s^he:--e S m+ ^ s (2.2) shows that We can use connected sum to 
define addition: we n«^I not connect the sub manifolds U as well, since we 
have not supposed them connected. Thus we use discs disjoint from the 
neighbourhood of M to define addition: these discs are mapped to <» by the 
Thorn construction. If we then remove discs, and glue two spheres together, we 
obtain the usual sum of homotopy classes. 

This completes the proof of the theorem. Although the result is already 
extremely useful, we will go on to some important generalisations. However, 
these contain little extra in concept beyond the original result. The concept 
may perhaps best be stated in terms of cobordism itself (we have already 
observed that homotopy is a special case of cobordism): it is that the extra 
structure defined by a submanif old whose normal bundle has group & is 
equivalent to the extra structure consisting of a map to T(&) (at least, 
for cobordism theory). 
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Corollary 4.1.1 Let & "be a stable group. Then we have an isomorphism 

Proof By definition, t :>c3ession of a G- structure is equivalent to having 
a normal G-^-struoture in S N+n for some N. If we fix N, then (by the 
theorem) we obtain the group ^ n+I j ^ e claim that the desired group 

is the direct limit of thece under the obvious injection maps: this again is 
essentially by definition. 

If & satisfies (S), then it is easily seen that ^ n+ ^ (™( & N )) 
is independent of N for N large enough (we leave to the reader as an 
exercise to ascertain the precise value), so no limiting process is necessary. 

A case of particular simplicity is & = {lj: eaoh & consists only 

of the unit element. For ea"h bundle occurring, then, an isomorphism with a 

trivial bundle is specified. Such an isomorphism we call a framing (it amounts 

N\ 

to specifying a basis for each fibre TR ), and we call the bundle framed . In 
th\s case, we take a point for B(& ); then T(& ) = S^, and 
Corollary 4.1.2 We have nj^ s jj^Lm ""^jjC 3 ^? i.e., framed oobordism 
groups are isomorphic to stable homotopy groups of spheres . 

This (due to Pontrjagin) was the first theorem in the subject. 

We next discuss multiplicative structure. Let G-, H be groups of orthogonal 
operators on 3R <1 ,IR r . Then B(G-) x B(h) is a classifying spaoe for & x H, 
and. W (G) x W (H) is a universal bundle. As to the Thorn space (and this is a 
general remark for product bundles), the identifications to be made to A(& x H), 
which is homeomorphic to A(&) x A(h), to obtain T(& x H), include strictly 
those neoessary to form T(&) x T(H): in faot, in this further spaoe, we must 
identify T(&) x °° U » x T(h) to a point. If we use °° as base point in 
T(Gj-), this gives the "smash product", so we have 

T(& x H) = T(&) a T(H). 
However, we rnly need the existonoo •£ a tta r T(&) x T(h) -> T(& x H) in order 
t« define an external product 

[V : T(&)] x [W : T(h)] -» [V x W : T(&) x 1(h)]; 

the induced map to [V a W : T(&) a T(e)] is useful only in the case when 
V and W are spheres. This oase provides 

Corollary 4.1.2. Suppose that & satisfies (M) , than products in 



correspond to the pairings in homotopy . gj^up j_jj-^^ c ^j L J | y_^g_gg££. 

We now observe that these results can all be generalised to bordism 



groups. 

Theorem 4.2 If & is a stable group with pounjtablj_Jb_ott^ 

the Thorn c onstr u ction induces isomorphisms 

Proof Let ^ be a submanifold of S m+N whose normal bundle, £, has 
group & N> Now we had a map -> we 3130 have a projection -> M. 

If we have a map M -> X, so that M defines a bordism class of X, we have 
a composite map A^ -> M -> X and so, taking products, a map A^ ->■ x ^? 

This induces A^ -> A(&) k X. Now shrink A^ to a point. We obtain maps 

t.i A. A(& T )>^ T(& 7T )xX 

S m+N - T f = ^ - A( &N )xX = AkX. 

Precisely as in Theorem 4.1, we see that this construction defines a map 

n (X) -> 7T . (T(0 /°°xX). To check that the map is surjective, we start with 
m m+N N 

m+N 



v N /» x X 



and let K be the inverse image of °° x X. Then f defines a map of 
S m+N - K to (T(& N ) - x X. We alter the first component on a compact 

subset of S m+ ^ - K by a snail homotopy, to make it transverse to B(&^). 
This defines also a homotopy of f, say to f '. New set iiT - f 1 1 (b(& n ) x X) ; 
then f ' induces a map Ivf 1 -> X, and as before the normal bundle of has 
group reduced to & . It follows, as before, that the bordism class defined by 
M maps to the homotopy class of f . Again, injectivity follows by a similar 
but simpler argument, and the proof that the bisection preserves groups 
structure is the same as before. The passage to the limit works as before. 

Let us write X° for the disjoint union of X and a point * , which 
we take as base point. Then 

T( &N ) A X° = T( &N ) x X U T«y x * /T(c g x m ^ _ x x 

= T(& N ) x X / co x x. 
Thus the above result «an be written more compactly as an isomorphism 
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Note that X° a Y° = (X x Y)°. We now see, as in 4.1.2, that 
Corollary 4.2.1 Under the above isomorphism, external products 

n & (x) x n & (Y) -» n & (x x y) 

m n m+n * 

corre spond to th e hoiao topy pa irings induced by 

T(& M ) A X° A T(& N ) A Y° -> T(& M+N ) A(X x Y)°. 

A similar argument to that of Theorem 4.2, but replacing 8 m+ ^ 

, , . _m+N 

by a diso D , shows 

Lemma 4.3 With the assumptions of (4.2), have isomorphisms 

Y) = 7r m+N (T(& N ) a X°, T(& N ) A Y°) for N large. 



Chapter 5 Bordism as a hom ology theory. 

We shall suppose throughout this chapter that & is a stable group. 

Then the inclusions i : G- -> & induce bundle maps w(& ) © 1 -»&>(& ), 

n n n+-L n ii-ru. 

and hence maps of Thorn spaces. Recalling that the Thorn space of a Cartesian 
product is the smash product of the Thorn spaces, we have 

T , x , = T , v A S 1 = ST(& ), the suspension of T(& ). Thus we have maps 
&)(& )©1 , ) v n" r n 

* n x' n 

ST(& ) > T ( & n+1 )* ^ sequence {T(& n ), i'^-j is a spectrum: we will denote 

it by *¥(&). If & satisfies (f.i) and (A), the products ip : & x & -> & 

similarly induce maps ip' : T(& ) A T(& ) -> T(& ), and these associate up 
J m,n m n m+n 

to homotopy. This provides '?(&) T .vith the structure of a ring spectrum. 

Nov/ any spectrum t& = [A , i ] gives rise to a homology theory on 

n n 

defining 

H (X: A) = lim„ 77- , T (A a X°) 
V ' ' N-*° n+N x n ' 

H (X, Y; A) = lim ir T y (A a X°, A A Y°) 
n i^-* 00 n+N n ' n 

= -lid., 7T (A a X, A aY), 
N-*° n+N n n 

and clearly if A is a ring spectrum we obtain associative external products. 

Hence the results of Chapter 4 can be summarised by 

Theorem 5.1 The Tho rn construction indu ce s_ a natura l equi valence between 
the functor Q and_ h omolog y the ory with coefficients in the spectr um T(&) ; 
this re spects products in the multiplicative case . 

Q. 

It follows from this that Q defines a homology theory; however, we 

prefer to present also a direct proof of this fact. 

G- •> G- 

Theorem 5.2 The groups Q ( X) , Q ( X, Y)' s a tisfy th e axioms for a homology 
theory. 

Proof We must first define the boundary homomorphism. If f : (M, 3M) -* (X, Y) 

gives a bordism class of (X, Y), then f|dM gives a bordism class of Y. 

If F : (W, a w*) -> (X, Y) is a cobordism, then F| "Z '.7 is a cobordism between 
c o 

the boundary maps of F\d W and Fjs w - : thus restriction induces a map 

Gr Gr 

<5 : f2 (X, Y) -> Q (y) which is compatible with disjoint union and hence a 
m m m— 1 

homomorphism. 

Also, we have not yet made explicit the functorial dependence of 

Gr 

f2 ffi (X) on X. If f : M -> X represents a class, and <p : X -> Y is a map, 

then <p o f : M -> Y determines a bordism class of Y. Again, it is clear that 

G- G- 

this construction defines a homomorphism 6 : Q (X) (y) . ^e oan proceed 

' * m m 

similarly for pairs. 



G- 

The first two axioms (that Q is a funtor), and the third (that d 

m m 

is a natural transformation) are trivial. The fifth axiom states that 

d> <£, : X -> Y implies Co = <£., . Indeed, if f : M -> X represents an 
O 1 O* 1* 

element of Q^X), and $ : X x I -> Y is the given homotopy, then 
$o(F x 1 ) provides the required cobordism. 

The fourth axiom states that if i : Y -> X and j : (X, <£) (X, Y) 
are inclusions, the sequence 

... & (Y) iH >n & W j*. n & (x Y) n & ( Y ) ... 

m m m m-1 

is exact: we next verify this. It is our first illustration of (2.3). 

Exactness at f7 (Y) is formal: a cobordism to the zero class in X can 
m 

be identified with a representative of a class in Q (X, Y) , and vice-versa. 

m 

Since Sj* takes a representative g : M -»■ Y to the empty class, it is zero; 

conversely, if the class of f : (M, d.'.) -> (X, Y) is annihilated by a, 

there is a G-manifold N with boundary 811 such that f |aM extends to a 

map e : N -> Y. Form M' by glueing N to M along dti; then e and f 

define f ' : M -»■ X, representing a class in Q (X) . We say that the image of 

this under j.* is the class of (M, f). Indeed, f ' x 1^ : JJ' x I -> X 

provides the required cobordism, if we introduce a corner along dtt x 0, and 

agree that d (.'.' x i) = li x 0, d (N x i) = N x and d (H' x i) = LI' x 1. 
— c + 

Similarly, if g : M -> Y deteriaines a class in n^(Y), we can regard g x 1 

as a cobordism of jig to zero in ^ rfl (^-> ^) . Finally, given an element of 

Ker j.;< and a cobordism T <Y of the j*-image of a representative to zero, we 

have Jlf = ^, A W = <■/>, and f : ('7, d "V) -> (X, Y) . 3ut we now reinterpret 
+ — c 

W = W but with a W» = a W, a W = 9 W: then W is a oobordism of the 

+ c 

given representative of Ker j* to f : 3 W -> Y, which is clearly in the 
image of i . 

~tfe must now check the excision axiom: that if U c X has its closure 
in the interior of Y, then inclusion induces an isomorphism 

n (X - U, Y - U) S> Q^X, Y). To prove sur jectivity, we let f : (M, dh) (X, Y) 
represent an element of n m (^> Y )« I"t is convenient first to alter f (if 
necessary) by a homotopy on a collar neighbourhood of dll so that some smaller 
neighbourhood is mapped into Y. Then A = f 1 (X - Y) and B = aM U f 1 (u) 
have disjoint closures, so we can find s : M -> I with s(A) = and s(B) - 1: 
in fact, since M is a compact metric space by (l, p.l.l), we can set 
s(P) = p(P, A)/p(P, A) + p(P, B). We approximate s by a smooth map (as in 
0, 2.1.1) and make it transverse to \ by (il, 5.l). Let N = s 1 [0, -g] : 
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then N is a' smooth submaiiif old of M, and f(N determines an element of 

n (X - U, Y- U). 3ut N and M determine the same class in Q (X, Y): 
m m 

for a cobordism W, we use f x 1 : M x I -> X with a corner introduced 

at 3N x and the corner at 3M x rounded (i, 6.5 and I, 6.3) - 

sinoe (M - N) C s -1 [^, l] , it is disjoint from A, and f(M - N) C Y, 

so we oan safely adjoin (M - N) x to a Q W. 

M x 1 

' . W dM x I 



N x '' (M-N) x 

The proof of injectivity is similar. If f : (W, a W) -> (X, Y) is a 
cobordism of f\d W : (3 W, A_W) -> (X - U, Y - U) • to 3 W = 9, we first 
adjust f so that A = f -1 (X - Y) and 3 = 3 W U f -1 (u) have disjoint 



closures. Next choose a smooth s : (W, A, B) -> (i, 0, l), transverse to ^, 
and set V = s'^O, -g] . Then V is a cobordism of 5 V to zero in 
Q m (X - U, Y - U): a cobordism of 3 V to a ¥ is obtained exactly as above. 
This completes the proof of the theorem. 

Various standard properties of homology now follow . 

Corollary 5. 2. 1 If (X, Y) is a G. T 7. pair, or more ge nerally if it has 

& ~ & x/ ~& x/ 

theh->motopy exten sion property, (X, Y) H 1 ( Y, pt) = T ( J Y) . 

X/ 

For / Y then has the homotopy type of X with a cone on Y attached; 

by exoision, this modulo the' cone has the same groups as X modulo Y. 

Corollary 5.2.2 If X is the cone on Y, Q ^(X) = 0, and 

3 : n & ( x, Y) * n & n (Y). 
m — m-1— - 

The first assertion follows from the homotopy axiom, the second from the exact 
sequence. 

Corol l ary 5«2*3 If J. O Y o Z is a triple, we have an exact sequence 

... -v n & (Y, z) -> n & (x, z) -> o & (x, y) -> n & . (y, z) -> ... 

m m m m— 1 

The proof is a standard exercise in diagram chasing. 

Coroll ary 3.2.4 & (S P ) 2 fi & . 
i — m v / m _p 

Follows by induction from the preceding two. 

Definition Let X = Y ± U U^,, Z = Y ± n Y,,. We ca ll (X; Y 1 , Y ) a proper 
triad if inclusion induces isomorphisms 



nV., z) * n & (x, y . ) . 
# 1 ■/ 1-1 
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(By Corollary 5.2.1, this holds if all pairs (X, Y ) and (Y , Z) have the 
homotopy extension property.) 

Coroll ary 5.2.5 If (X^ Y^, ^O — "*" S a P ro P er "tr iad, we have exact 
sequences 

. . . Q G (Z) -> Q & (Y ) e & (Y o ) -> Q G (X) -> Q G Az) , . . 
m nr 1' m 2 m m-1 



,.. n G (z) -> n G (x) -> q g (x, y ) e n G (x, yJ -> n G , (z) 

m m m -L ra ^ in— 1 



These follow by another standard argument (the same for both). 
Coro lla ry 5.2.6 Q G (X U Y) = fi & (X) © Q& ( Y ) fo_r^_ dis joint union. 

Q G (X v Y) s Q & (X) e G (Y) if (X v Y; X, Y) is proper . 

Apply the previous corollary. If Z - <$>, we certainly have a proper triad. 

Corollary 5.2.7 If (X, Y) i s a C^'f. p air, 

n G (X P u Y, X P_1 U Y) s C (X, Yj Q & ). 
m P m-p 

By (5.2.1), Q G (X P u Y, X P_1 U Y) s Q G ( ZP/ X P_1 u(X P H y)). But X ^^~ 1 U (X P n Y) 
is a wedge of p-spheres; now apply (5.2.4) and (5.2.6). 

These corollaries all illustrate how we can begin to calculate the 

& G 

groups Q (X, Y) in terms of the Q (the calculation of these is postponed 
m m 

to Part VB). After (5.2.7), we can formalise this process as a spectral 
sequence . 

Theorem 5.5 Let (X, Y) be a G.'V. pa ir. Then there is a first quadrant 

G G 
f?^ -module spectral sequence, c onv erging strongly to (X , Y), which starts 

with 2 2 = H (X, Y: Q G ) . 
■ pq — p ^ — q- 

Froof If r < q < p we have, by (5.2.3), the exact bordism sequence of the 

triple (X P U Y, X q \J Y, X r U Y): all the maps are induced by inclusions and 

boundary homomorphisms, so all expected diagrams commute. But such a collection 

00 

of exact sequences always defines a spectral sequence. We write X = X, 

-°° G/ N 

X = <£: then the end term is certainly (X, Y) . The module structure is 

induced by natural products Q & x n & (X P U Y, X q U Y) -> & (X P U Y, X q U Y): 

in n ' m+n 

if i.f is a closed manifold, and f : (N, 3N) (X P UI, X q U Y), then we 

use the manifold M x N (with induced G— structure) and the map induced by first 

projecting on N. 

The I?" term is simply 

S 1 = Q & (X P u Y, X P_1 U Y) s C (X, Y; Q & ) by (5.2.7). 

pq p+q v ' ' p q 

The boundary d"*~ is induced by taking the boundary of a manifold: we should 



next verify that this coincides with the usual boundary in the chain complex 

2 G- 

of (X, Y), as it then follows that S = H (X, Y; 0. ) and hence that we 

v. > /> pq p q 

have a first quadrant spectral sequence (evidently = for q < 0). We 
omit the verification, which is a standard argument in homotopy theory. 
As to convergence, we note that 

n & (X~°° u Y) = & (X P U Y) for all p < 
n u 

n & (X P U Y) = fi & (X°° U Y) for all p > n, 
n n ' 

—1 00 f 

the first since X = <f> = X and the second since (by the cellular 

approximation theorem) any map of an n-manif old into X is nomotopic to a 

map into X 11 . These two isomorphisms imply strong convergence of the sequence. 

We shall defer explicit calculations till Part VB. However, one 

useful retinterpretation may be noted here, which reduces yet further the 

prohlem of computing cobordism groups of pairs. Let G- be as above, and 

H a topological group of orthogonal operators on Then Lemma 3.2 

produces the remark that setting (G-xH) = G- xH defines a stable 

q n n-q q 

group & x H , which satisfies (S) if G- does. 

q 

Lemma 5.4 We have n &xH( l = Q & (T(H )), and more generally 
i_Z n n+q — q — • — 

n &xH{ i(x) = n & (t(h ) a x°). 

_ n . — . ±- J ., , — — n+q — q " 

Proof By Theorem 4.2, we have 
.G-xfL 



7T ,.(T(&„ X H ) A X°) 

n+N v N-q q ' 

it „(T(& W ) A T(H ) A X°) 
n+N s N-q' q' ' 

= n & (t(h ) a r°). 

n+q q ' 

Remark Un der favourable conditions, we also have a 'Thorn isomorphism' 
of the last-mentioned group with fi n (B(H ) x X) . 

We have developed so far only the homology theory associated with the 
spectrum "f^G-) and so with the stable group G-. There is also an associated 
cohomology theory, defined by 

l#(X) = H^X; = [S N X : T(a J]. 



N+n' 

Since we are not particularly concerned with general theory here, we only .•■mention 

the' £,ocihetrj.c content of the above definition. This arises again by Theorem 4.2; 

N 

this time we note that S X is not a manifold, even if X is, but (if we take 
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the reduced suspension) has only one 'bad point', whose oomplement is TR x X. 

As we will always map the laad point to °°, this does not matter. Then by 

(4.2), [S^X : T(G^_ n )] corresponds bijectively to cobordism classes of 
N 

subioanif olds of TR x X whose normal bundles have group reduced to G- . 

N+n 

Theorem 5-5 Let G- satisf y (M), (A) and (S). Let m" 1 have a weak 

G-structure. Then n.(L'l) = Q {hi, 3M). 
— G- m-n — - 

Proof In this case, ]K x also has a weak G— structure. By Lemma 3.1, 

a G- -str.uoture on the normal bundle of rf 11 n in IR N x lit then induces a 
N+n 

weak G— structure on the tangent bundle of V, and conversely if G- is large 

enough. Combining this with the remark preceding the lemma, we have a bijective 

correspondence between fip(M) and cobordism classes of manifolds n with 

G- 

N n 

weak G— structure and an imbedding in TR x M , for large enough N. But if 

N is large, any map to TR^ x is homotopic to an imbedding, and homotopio 

imbeddings are cobordant, by (il, 5.3). Hence specifying an imbedding in 
__1\ T ja N m 

1R x m is- equivalent to specifying a map to ]R x k - or again, a map to 

M 01 ; it remains only to note that if M has boundary, 3V is imbedded in 
N 

ffi x 3M, so we must insist that it be mapped to dU. 
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Chapter 6 The classical exact seq uences . 

The sequences to which the title of this chapter refers were originally 
devised to relate Q° and as a means of calculating the latter. A 

more abstract proof was found by Atiyah (who invented bordism theory for the 
purpose), and we present a generalisation of an improvement due to Conner 
and Floyd, who considered the case of and Q^. We will then give the 

geometrical proofs too. 

Let & be a stable group, defined by a sequence 

i n-l 1 n 
. • • G- ~* > G- > G- •«• s 

n-1 n n+1 

where & operates on ]R n . Let S& C & be a sequence of normal subgroups, 
n n n 

with i (S& ) c 5G , , and such that i induces isomorphisms of . /S& . 
n n n+1 n n 

This last condition could perhaps be weakened to requiring that each hoinotopy 

group it (& /S& ) becomes independent of n, for large n. We will denote 
r n n 

by Z the quotient group lim & /S& = &/SG-, say. 

^ - ° n-Bo n n 

We will also suppose that & satisfies (M), and that the subgroups 
3& are stable under the product maps ib . 

n r r r 

The examples we have particularly in mind are when Z = 0^ (= Xg) an( l 

& = C or Pin, S& = SO resp. Spin or when Z = TJ (= S 1 ) and & = U or Spin° , 

S& = SU resp. Spin. The following is also a useful construction. Let H be any 

topological group. Then we can replace & by & x H and S& by S3- x H, 

where & x H operates on ]R n via its oroiection on & . Note that 
n n 

B(C- x H) = B(& ) x 3(H), T(& x H) = T(& ) A B(h). In particular, if X 
n n n n 

is any CW complex, the loop space QX is equivalent to a topological group, and 
we have 

This allows us to consider only coefficient groups of homology theories, and 
later to deduce their general values. 

Th eorem 6.1 Let &, SG- and Z be as ab o ve. Let a be a & - bundle QVer 

BZ whose classifying map induces, v ia BZ -» 3 & -» B& -> B( /S&) = BZ, a 

& ~S& 

homotopy equivalence. Then Q = Q (Tia)). 
— a — n n+k • 
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Proof Let X be the classifying map of a. Denote by f the composite of 

B(S &N ) x 3Z iM> B ( &N ) x B(^) ^> B( &N+k ). 

These maps are compatible with i , hence there is a limit map 

f : B(SG-) x BZ -> BG-. Y/e claim that f induces isomorphisms of homotopy 

groups , this is clear from the definition of f , the exact sequence 

... 7T r (S&) -> 7T r (&) -> 7T r Z -+ ff^ (S&) ... , 

and the fact that (up to an automorphism) X* splits the projection 

7T (&) 7T (Z). 

r x r x 

Now by definition, f is covered by a bundle map of the direct 

sum of the universal bundle over BiSGO and a to the universal bundle 

N 

over b(G^ ). Thus we also have a map 

T ( S V * "> T( &N+k ). 

Since f induces homotopy isomorphisms in the limit, so does g_ T . 

JM - N 

77e now have 



= *n+k 

The next result is a companion to (6.l), but needs less hypotheses. 
It is related to the Thorn isomorphism theorem. 

Theore m 6.2 Let & be a stable group satisfying (ii), P a topological 

space, a a & -bundle over P. Then Q (P) s (T(a)). 
— 2 k n ■— n+k - 

Proof Let x classify a, f denote the composite 

B( &N )xP B(a N )xB (Glc ) B( &N+k ), 

and ]?.. the map B(& T ) x P -> B(& TI , ) x P whose components are f and 

projection on the second factor. P is covered by a bundle map of the direct 

sum of w„ and a to w_ , . Also, B(& ) is mapped by the natural injection 
N I\i+k N 

i to B(&- t , ), and we have a commutative exact diagram 
v N+k 

-* 7r r (B(& N )) -* 7r r (B(& N ) x P) -* 7r r (P) -* 
I 1 * 11 



Thus J? is an isomorphism in the limit as N -»• ». We have an induced map 
N* 

of Thorn spaoes 

T(& N ) A T(a) - T(&^ k ) A P°, 

which then also in the limit gives homotopy isomorphisms. 
The conclusion of the proof is now as before. 

Corollary 6.2.1 With the hypothe ses of 6.1, if p is an S&^-bundle over 
BZ, we have_ an 1 s oraor phi sm : 

of (bz) 3 nf k (TO?)). 

To obtain exact sequences from these results we need some restriotion 
on BZ - or rather, on Z. We will now assume that either Z = 0^ = 2^-, 
or Z = = S"*". Correspondingly, BZ = P (say) is infinite real, resp, complex, 
projective space. Let us write d = 1 in the first case and d = 2 in the 
sec ond. 

The following will be useful for checking the hypothesis of (6.1). 
Since BZ is an Eilenberg - Maclane space, a map BZ -» BZ is a homotopy 
equivalence if and only if it induces an automorphism of the homotopy group - 
or equivalently, of the lowest homology group. 

We will make the further assumption that the standard real or complex 
line bundle r\ over P is a G^-bundle, inducing a homotopy equivalence (which 
must be, up to sign, the identity) P -» P. This is easily verified in each of 
the oases mentioned earlier. In the complex case, the conjugate r\ is then 
also a & 2 -bundle. We now take a = (m+l) 77 + mrf. Since the first Stief el- 
Whitney (resp. Chern) class of this is a generator, we can apply Theorem 6,1. 
To compute P a , we note that if the structure group is extend to ^+1' a 
becomes equivalent to (2iq+1)t?, and so P a is homeomorphic to P/P^, 
where P^ is the sub-pro jeotive space of dimension 2m. 
This proves 

Corollary 6.1.1 With the above assumptions, 

& ~S& ,P ^ , 

n S n+(2m+l)d ^ /F 2m ) ' 

We also apply 6.2.1 with j3 = 2ia7? , so p 3 = P /P 2m •]_, to obtain 

Corollary^ of (F) a fF ^ f/P^) . 

SG- ~SG- SC 

Also note that (?) s fi^ (P) $ fi^ , and that talcing m = in 

6.1.1, n & e n S& ,(P) 

' n n+d v ' 

Putting these together, we have 
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Corollary 6.2.3 Q & . ® Q S& = (P/P ). 
. 1! : — n _<i n n+2md 2m-l 

We now obtain the exact sequences. 

Theorem 6.3 Let G- be a stable group satisfying (l',Q, SG- a subgroup with 

& /SG- = 0, or U for n £ d (d = 1 for Cl , 2 for U ) , and stable for 
n n 1 1 - — — ± 1 

ip , P = P^OR) or ^<J& ' Suppose the standar d line b undle 7 7 over P is a 
G ^-bundle , inducing a map -> P_ homo topic to th e identity. Then there are 
exact segue nee 3 (where = P^ ( E) or P^ (<r ) . 

x ' n n n-d n-2d n-1 

Proof (i) CP is a sphere S^. The sequence of spaces 

S d - P -> F /p ± 
3G- 

haa an exact homology sequence for fi^ ♦ Also, we have 

n s& ,(s d ) = n s& by (5.2.4), ?5 S& .(P) s n & by (6.1.1) with m = 0, 
n+d ' n " n+d n 

and fi SG _ ( P /P n ) s n & 0J © n S& , by (6.2.3) with m = 1. This gives (i). 
n+d 1 n-2d n-d 

(ii) Replace P^ by in the above, and use the fact ((6.1.1) with 

m o 1) that ^ ( P /P 2 ) , £_ 2d . 

2 2d. 

(iii) Here we note that /P is a sphere S , and use the exact 

•^rSG* d 2d 

U -sequence of S -> P -> S 
* 2 

Y/e now turn to tke geometrical, approach, and will give a second complete 

proof, at the same time giving -.a. 'more precise description of the maps in the 

sequences. Our second proof will illustrate sequence (i) as of the type 

described in (2,3); we will give a full discussion of this, and the rest will 

then follow . We will also improve several details of the theorem. 

Now (2.3) gives us an exact sequence in which the third term is the 
G- 3G- 

cobordism group fi ' of bounded G— manifolds with an SG— structure on the 

boundary. We will evaluate this using the jidaaj. introduced after (2.3). 

Let us agree, in order to avoid unnecessarily complicated notation 

below, that the G— structure of a manifold M is specified by the classifj^ing 

map of its stable normal bundle, v : M -+ BG-: that we have a fibration 
r m 

7T 

BSG- -> BG- -> P; and that an SG— structure of M is determined by a nullhornotopy 

of it o v which is thus covered by a homotopy of v to a map into BS&. 
m m 

We shall also need the G— structure on the standard line bundle over P, 
classified by P 5- BG^ ^> BG-; here we may assume that ir O z O r? ia thp 



identity map of P, 1 . We write for tne negative of the identity; 

in the real case, we can take (-l) = 1 , and in the complex case, define 

P P 

(-1) by oomplex conjugation. Now P is an H-space, and the diagram 

B& x BS 5£> b& 

X iTX7r -l? 

P x P — > P 

ia homotopy commutative; we shall alter (if necessary) our model of B& 
to make it commutative. 

Now if Ivf 1 is a G— manifold, we consider the map ir o v : M -» P. 

. m 

Altering by a homotopy, if necessary, we may suppose that this maps M 

to a finite dimensional projective subspace P . By (II, 4.2.1), we can 

make this map transverse to the submanifold P^ ^, whose preimage will then 

be a smooth submanifold of with normal bundle induced from 77. 

Moreover, if 3M has an SG— structure , ir O v is trivial on 9M (which has 

m 

trivial normal bundle in M), so may be assumed to avoid P ^. Thus V 

lies in the interior of M, and is closed. 

We now give ^ an SG-structure . Indeed, the stable normal bundle 

of V is the sum of the bundles induced from v and from 77: i.e. is 

m 

induced by 

v 

V C M — > B& B& x P. 

We shall give the second summand minus the obvious structure. So the normal 
v 

bundle is now induced by 

V J"!^ B& ^ B& x P B& x P i22> b& x B& M> B& . 

The oomposite it O is thus induced by 

V ^L V > B& I P &rH> P x P P) 

and if we fix (onoe for all) a nullliomotopy of the composite map P -> P, we 

define one for ir o v , and hence an SG-structure for V. 

v 

Now we showed in Chapter 2 that M was (G, SG;)-cobordant to a tubular 

neighbourhood of V. This is a bundle over V, with fibre D d , associated to 

(it O V m |v)%J hence its (&, 3G)-cobordisia class is determined by the class 

SG 

of (V, 7r O v V) in Q -,(?)• The formula which determines it is as follows, 
m m-d 

Let 77' be the bundle induced from 77. Then v = v + 77' where the bar 

v m ' 

recalls the sign change above. Thus v + 77 ' - v +77" + 77 * = y + 2c (c a 

v m m 

SG 

trivial G^-bundle). It is olear from this that given any element of ^^(^Oj 
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represented say by (V, f), we can take the bundle E with fibre D^" 

associated to f 77 and give it a G-structure. Moreover, the stable normal 

bundle v<?E of the boundary 3E is the restriction of v_. But v O i;_ 

E hi 

is essentially f , by definition, and is covered by a bundle map over 

V of E to the disc bundle associated to 77, and hence of 9E to the 

corresponding sphere bundle E. But E is contractible, so we have a 

well defined mil 1 homo to py of 3E-> E -> P, and so an SG~ structure on 3E. 

Since all our constructions can — as in Chapter 4 - be carried over for 

G SG SG 

cobordisms, we have an isomorphism f! ' s Q , (P) . 

m m-d ' 

7fe now wish to use the remark immediately preceding (4.1.l) that the 
extra structure provided by a submanifold gives the same cobordism group 
as the extra structure provided by a map to its Thorn space; and combine this 
with the remark that P is homeomorphic to the Thorn space of 77. The details 
resemble those above: we have a map say), cf V to P, or more 

precisely to P . He make this transverse to P , and write B = x "'"(F. 9) • 
Then 



v 



V 



+ (*J B ) V 



and we use this formula to give B a G— structure. Our construction again 
works for cobordisms; since the class of (V, f) determines the cobordism 
classes of V and B, we have a homornorphism 

~SG /-t-i\ ^-.SG _G 

n , (p) -> n , © n 

m-d m-d m-2d 

In fact this is an isomorphism, for the class of (V, f ) is determined by 
that of (V, B, and the map B -> P inducing the normal bundle of B in V) ; 
by Corollary (3. 2.1) we can separate the two elements of the pair, provided 
the stable normal bundle of B is induced by B -*■ B(S&) x P and finally, 
by the proof of (6.1), this latter is homotopy equivalent to B(&). 

We have thus obtained sequence (l); to complete the discussion, we 
must determine the boundary map 

n ■ , ©- n OA -> n . 

m-d m-^d m-1 

As to the first component, we can suppose B empty and x trivial. Then 
the disc bundle is trivial, and has boundary V x S . This describes it as a 
G-manifold; for the SG-structure we must be more careful. All the construction 
it that of a product, hence we obtain multiplication by the class, a say, of 
S^ 1 with appropriate SG-structure. To determine this, we can take V to be 



a point and M a disc D d . BecaU that V was constructed from M by making 

it o v : M ->• P transverse to P. , . Nov/ 5M = S a 1 was mapped to a point 
m k k-1 

by this, so S d = M /dlA is mapped to meet P ^ transversely in just one point. 
This coincides (up to homotopy) with the inclusion of a projective line P . 
So a is the class of S d_1 , with SG-structure defined by a framing of the 
normal bundle, twisted in this way. One can analyse the twisting more in 
general, but it is by now easier to remark that when d = 1 we have S°, 

and each point has the positive orientation (this twists the standard framing 

1 SG SG 

of 3D by ohanging a sign). Thus in this case the map n ^ -»• 0^ is 

just multiplication by 2. In the case d = 2 we have S 1 , and the twisted 

framing differs from the standard one. Here elementary homotopy theory tells 

us that 2a = 0. 

G SG G 

Write (dL , d ) for the components of the map fi -» fi , © H _ , , 
1 2 " m m— d m-^d 

so that the image of the class of U by resp. is determined by V, 

G G 

resp. B. We now construct a map d> : n „, -> Q and show that d, O 4> = 
r m-2d m -L 

and d_ O 4> = id. Prom this, and the exactness of the sequenoe 

G ^l' *V J3G „G- ' o N SG- 

m m-d m-2d m-1 



now follows that the second component (c) of the boundary map vanishes 



Suppose then that B m ^ is a G— manifold, form (ir O v ) , which we 
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may take as a map B -> P, for appropriate k. Then 77 + e can be regarded 

as a real (resp. complex if d = 2) bundle over P ; we form the associated 

projective bundle , and let be the induced bundle over B, V 31 

the subbundle corresponding to 77 + e^, and identify B itself with the 

subbundle of V corresponding to 77. It is well known that if to 7-^ 

we add the bundle induced by M -> B -» P^ from 77, the result is the sum 

of a bundle induced by r_ and three (real or complex) line bundles, 

d d 

corresponding to 77, e , and e ; and all induced from 77, say by maps 

f_ , f and f . We give these the F-structures induced by f, , £ and 
12 2 J 1 2 

-1 o f ^ this defines a G-structure on M, and as the construction applies 

to oobordisms and to disjoint unions, we have defined the desired map <p. 

Although the G-structure itself is somewhat complicated, it is easy to 

see that i o v,. is induced via the bundle map B : M -t- Q „ covering the 
M r r k+2 ^ 

original map B -> P . We will now write down a map 4' : Q 9 ->• P „ which 

is transverse to P, n and P , which have preimages the sub-bundles associated 
k+1 k 

to 77 + .e and 77. Since Q is explicit, it is easy to see that £ o (3 - ir O v 
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thus M gives rise to V and B in the usual way. Hence we have 

O <A = id. To see d^ = 0, we must find an SG— manifold with 
boundary V: in fact, as V is a P-j_(= ^ -)bundle over B, we take the . 
associated diso bundle: such exists since the group of the bundle is not 
the full projective group but only Z (= and is topologically the 

product by I of the mapping cylinder of the principal bundle. Since tiie 
principal bundle was obtained from it O v*, this has an SG— struoture . 

It remains to oonstruct £ : for this we follow Atiyah. Let 
k = It or C in the cases Z = or S"'", and consider the decomposition 

lc^ + ^ = k^ + ~'" © k^. Then P^. is the projective space of k^ + ~'", and we can 

2d 2 
identify the fibre of rj + e over the line 6 C P with t © k , 

and so Q with the subspace of F x P of pairs (-6, m) of lines with 
xc+2 &. iu+2 

2 —1 

m C I e k . We take f as projection on P„ ; so for f (p ) we need 

m C Z © k ® and for f P.., m = -6. Both transversalities are clear. 
We have established 

Theorem 6.4 There is an exact sequence 

SG- r a ^ d l ,d 2' ) ^SG- _& S& 

n n n-d n-2d n-1 

where a is the class of S^" with a twisted frami ng. 

& G- 

Also, there exists : ^ with (d^, d ) O 4> = (0, l). 

RG- 

Corollary 6.4.1 Write Q = Ker & . Then there is a split exact sequence . 

o - n R& i n & ~> n G , -> o. 

n n _ <f> n-2d 



Moreover, the following sequenc e is exact : 

SG- s RG- d l S& xa n SG- 
n n n-d n-1 

Here, r is the forgetful map and i the inclusion; the first sequence 

shows that r factorises as r = is, and the corollary is immediate. Moreover, 

on comparing the above with Theorem 6.3, we are led to the identification 

n n+d 2 

RG- 

In fact yet another definition is sometimes more convenient: fi is the 

m 

cobordism group of G— manifolds l/ 1 provided with a hornotopy of it O Vy\ M ->• P 

"■^1. Jj'or the corres-oondine V is then macraed. to 



to a map into (=S ). For the corresponding \f is then mapped to P and 



B to P so B is empty, so such manifolds lie in Ker d^. Conversely, if 

M is in Ker d^, an extension of cobordisms argument shows that B may be 

supposed empty. But then the image of it O v : H P avoids P , so is 

m k k — i- 

homotopio (by an obvious projection) to a map to the complementary P^ . 



Chapter 7 Equivaria nt C obord ism 

The object of this chapter is to give a programme for reducing 
the calculation of equivariant cobordism groups to that of the bordisra 
groups of certain classifying spaces. It will first be necessary to develop 
thoroughly the foundations of the theory of smooth group actions. 

Let H be a compact Lie group, M a smooth manifold (perhaps with 
boundary, or corner) and let 

<p : M x H -» M 

define a smooth action of H on ''A. For each P e M, write 

Hp = [h e H : <£(P, h) = Pj. 

Then Hp is a closed subgroup, called the isotro py group of P. 
77e have (?, \) = <t> (P, hg) <=> *(P, i^' 1 ) = P 

<=> E H P <=> H ^l = ^2* 

It follows that <p induces a bijeotion ip of the space of right cosets 
H/Hp onto the set of points ?(P, h) (h e H) - which is called the orbit 
of P. It also follows that H ^^p r) = ^ "^p^* Thus the isotropy groups 
at the points of an orbit form a complete conjugate set of closed subgroups 
of H. Such sets are called orbit t ypes, and the set containing H^ is 
the type of the orbit of P. 

L emma 7 .1 The orbit of P is a smo ot h submanifold of M, and ip is 
a dj f f eomorphism. 

Proof (l) Since H/rlp is compact and ip injective, we know that tp 

is a topological imbedding in 1,1. 

(2) Since <fi is a smooth map, so is ^. 

(3) It is now sufficient to show that dip is everywhere injective. 

New ip' is an equivariant map for smooth H-actions: translating by 
elements of H, 'we see that if dip is injective at the unit element, it is 
injective everywhere, and conversely. 

Suppose then dip not injective anywhere. By a result of A, Sard 
'Images of critical sets', Ann. of Math. 68 (1958) 247-259, if r is the 
topological dimension of H/H^j the Hausdorff r-dimensional measure of 
<//(H/Hp), the orbit of P, is zero. By Theorem VII. 3 of ¥. Hurewicz and 
A. V/allman, 'Dimension theory', the dimension of ^(h/H^) is $ r - 1. This 
contradicts the fact that ip is an imbedding, and proves the lemma. 
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Now let V be the set of points of M with isotropy group Hp, 
«. the set of conjugates of Hp, and the union of the orbits with type o_, 

so that we have = cf> (V x H)« Let Np be the normaliser of Hp in H: 
then V is invariant under the induced action of N^. 

Theorem 7»2 V and W . t are smooth subma nifold s of M and <t> induces 
a diff eomor-ohisiii of V x H onto W., . 

i_ JJv, 

We do not assert that all components of V (or of W a ) have the same 
dimension. 

Proof We first assert that M admits a Riemannian metric which is 

invariant under the action of H. Indeed, by we have a metric ll ; now 

the action of H on M induces an action on the Riemann bundle, and we 
r h 

will use v - u dh, where integration is with respect to Ha;.x measure 
J n 

on the compact group H. Since positive definite symmetric matrices form a 
convex set, we obtain a positive definite scalar product on each tangent 
space, and the cross-section v is clearly smooth. 

Now consider the exponential map exp : Ivi -> M. Since we have an 
K-invariant metric, and C H operates in an induced way on lip, exp is 
equivariant for the actions of H^. In particular, the action of h e Hp on 
M is determined locally at P by the action on Mp which is linear - and, 
indeed, orthogonal. So the action of Hp on M near P is locally 
isomorphic to the action on Euclidean space given by an orthogonal 
representation (p of Hp. In particular, the set of fixed points of 

any subgroup of Hp corresponds to a linear subspace of Mp, and hence 

is a smooth submanifold. 

Write Op for the tangent space at P to the orbit of P; let Sp 
be its orthogonal complement, S' a small enough e-ribd of in Sp, 
and S = exp S'p. Any element of H_, leaves Op invariant (it is invariantly 
defined), hence also Sp, S'p and S. Now since by (7.1) &// is onto Qp, 
it follows that orbits of S fill up a neighbourhood of P. Also, <f> induces 
a map 

v : S x R H -+ M 

which, by the above, is a smooth immersion. Since the orbit of P is imbedded, 
so (by 0, 2.7.1) is some nbd of it. Thus if e is small enough, ^ is an 
imbedding. 



We deduce first that the orbit types of all points near P- which are 
the types of orbits of points Q of S - have H^ C Hp: they are the 
isotropy groups of the action of Hp on S. Since dim S < dim M we 
deduce by induction on dim M that there are only a finite number of orbit 
types near P, and hence that the set of points with isotropy group 
is an open subset of the set fixed by H^. So V is smooth. It is immediate 
that tp induces a bijection of V x H onto 77 ; it follows from Lemma 1 
that we have a dif f eomorphism. 

Novf we have laid the foundations of the theory of smooth actions of 
compact groups, we can return to our cobordism problem. Observe that any 
point of the cdosuie of V is fixed under Hp. Thus to ensure that V is 
a closed submanifold (or equivalently, that 7/ is), it is sufficient to 
require that o*, is maximal in the orbit types of the given action. 

The f ollowing special case is easily solved, and will be a pattern 
for the general result 7.5. Let A = [l] contain the unit subgroup only. 
Then the aotion of H* 1 on must be free. Thus M has the structure of 

a principal bundle with group and fibre K, and base ^ ^ , say (the orbit 
space of the action): by the results of 7«1 an <l 7.2, X is also a smooth 

manifold. Let x '• X -> BH classify the bundle, Then the bordism class of 

/ x 
V belongs to Q _(BH;. 

m— e. 

Lemma 7.3 I C (H; {lj)s fi° , (BH) . 
m m— n 

Proof If W is a cobordism on which H acts freely, the orbit space 

77 

' /H is a cobordism, mapping into 3H: thus the two ends of 77 determine 
the same bordism class in 3H, and we have a well-def ined map 

i° (h; . (bh). 

m m-h 

The map is sur jective, for given f : X BH, we consider the induced 

t " ' 

principal, bundle over X with group H: this is a smooth m-manifold on 

which H operates freely, so defines an element of 1^ (H; (l}) which 

maps to the bordism class of f . Similarly it is injeotive, for if M and 

M' are such that /K, 1 /H define the same bordism olass, we let 

g : W -> BH denote a cobordism, and note that the induced principal H-bundle 

over W gives the required cobordism of M to I,!' . 



Note Since BH can be replaced by a smooth manifold (see 24 above) and f 
by a smooth map, we need only consider smooth bundles. 



42 

We continue our investigation of WqJ our main aim is the exact 
sequence of (7.4). We will suppose that the orbit type ol, is maximal for 
the given action (i.e. that if e cu, ft is not strictly contained 
in any Hq). Let be an e-nbd of Wq^ in the invariant metric. Then 

the usual projection (i, 2.5) which gives N the structure of disc bundle 
over is an equivariant map. We are thus let to consider the following 

objects: 

7r : N -> is the projection of a smooth disc bundle; we identify 

Wq^ with the zero cross-section. The group H acts on and Wq^ ; 

7T is equivariant, and the orbit type of a point of ,7^ is ; at other 
points of , the orbit type is different (hence is less than <-u)-. We 

have dim = m; the components of W-^ may have different dimensions. 

For our exact sequence we incorporate one further element of 
structure. Let & be a stable group satisfying , (a) and (S), and LI 
have a G— structure (on its stable tangent bundle). Suppose the compact Lie 
group H operates smoothly on M. We will say that H respects the G— structure 
if the following condition is satisfied. For some n, we are given an 
action of H on the principal & n -bundle P which defines the G— structure, 
lifting the given action of H on M. This defines actions of H on the 
associated bundles; in particular, on the principal G-^ + ^ -bundle, so the 
condition is independent of n. 

Write I* (H; A) for the group of cobordism classes of manifolds 
li 0, with G— struc cure and an H-action which respects it, and such that each 
orbit type belongs to the set A. We choose a maximal element o_ of A, 
and write A' = A - [a]. 

Write A (H; A 1 , r -<J) for the group of ooboi-dlsra classes of manifolda 
W with a smooth disc bundle w : W such that I\i is as above, it 

is equivariant (where W is identified with the zero cress-section), and 
the orbit type at a point of W is o_; at other points of N belongs to A'. 

The following illustrates (2.3) and the remark following it. 
Theorem 7.4 . There is an exact sequence 

l£ (H; A') " l£ (H; A) 4- A^ (H; A', <x) X (H; A') 3 i£ (H; A). 

Proof First we define the maps. Set a the natural map induced by 
taking the same representative. Next, if M admits an action with orbit 
types e A, form W^ and N :v as above to define (3, As to y, take the 



(a, §) is exact §a - 0, for if the orbit types of M belong to A', 
we have Wr^ = 0. Conversely, let %x bound X and L be the 
corresponding disc bundle over X, so that 9 L = Ncx and 9 L is the 

C *T* 

sphere bundle over X. Attaoh L to M x I by glueing 9 Q L to Na^x 1. 

The resulting cobordism L' (with corner rounded) clearly admits the 

desired structures, and <x no longer occurs as orbit type in (M - Nq) x 1 

or in 9 L. Thus L 1 is a cobordism of M to 8 L representing a olass 
+ + 

in I & (H; A'). 

in 

(/3, y) is exact Starting with M as above we form N^, then 9Nx« 

But this bounds the complement of No, in M, so represents zero in 

I (H; A ! ). Conversely, given N with 9N Dounding C, we attach to 

C along the boundary to obtain a closed manifold M, and the orbit type 

a. oocurs in M only at the centre of N. 

(y, a) is exact Starting with it : N -> "*V, we need only observe that 

9N bounds N "to check that ofy = 0. The converse is perhaps the most 
interesting part of exactness. If V represents an element of the kernel 

of I (H; A' ) -> I (K; A), it bounds a manifold M, say. Since is 
m-1 m— 1 

not an orbit type of V = 9M, we can perform our construction in the usual 
way to obtain and Nr^ in M. The complement of N now gives a 

cobordism of V to 9N 0< _, as required. The exact sequence is thus established. 

To complete our programme, we must give some means of calculation of the 
groups A^ (H; A 1 , ex.). We first observe that given a representative v : n" 1 -+ W, 
we have for each P e W an induced orthogonal representation p of on the 

fibre. As all isotropy groups are conjugate, we have an orthogonal 
representation of defined for eaoh P e W. Clearly, these vary oontinuously 

with P. But since Hy is compact, neighbouring representations are conjugate. 
Thus each conneoted component oi W corresponds to a single conjugacy class of 
representations p of Hjp, 

Now it is clear that p can occur if and only if each isotropy group of 
p (c Hp, C H) has class belonging to A 1 , except for the isotropy group of the 
origin. We call such p (A 1 , i) - allowable. 

Since the same decomposition applies to cobordisms, we find that 

A (Hj A', ) is expressed as a direot sum over allowable representations 

m 

p of Hp (of rank £ m): say 



A^ (H; A', o.) = e p A^ (HJ A',<x, p). 

Thus we are reduced to CElculating the A-group f or a fixed allowable 

representation p. Here, we follow the method of 7»3. 

Let q be the rank of p. Let P be the principal -bundle 

associated to ir. On P we have the natural action of , also an 

1 

induced action of H which commutes with it, hence an action of H x . 

1 

This action (as is easily seen) has only a single orbit type, with M 
(say) as an isotropy group. We now use a standard method for reducing this 
action to a free one, to which ",ve can apply the bundle classification theorem. 
In fact, let Q be the submanif old of P consisting of points with 
isotropy group equal (not merely conjugate) to M. Then the normaliser N(m) 

of M in H x acts on Q, via a free action of L - N(m)/m. 

q 

In the present case, we can be even more explicit. Since P is the 
set of isometries of 3R^ on fibres of is , eaoh element of P determines 
an explicit orthogonal representation of the stabiliser of the corresponding 
fibre. Fix a particular e <x. and representation p of in the 

desired equivalence class, and let Q be the subset of P inducing the 
representation p (not merely some conjugate) of the subgroup H^. 

Then M is the set of elemtns [Qa ^ , p(h)) : h e in H x , and 

r' 1 

K(M) = { (n, r) : p(n hn) = r p(h) r for all h £ H;;j is an extension 

of the centraliser cf p(H^) in 0^ by the subgroup of Np which takes 

the representation p of Hp into some conjugate (this will in any case 

contain the component of the identity in N^). We write L for n(m)/m, 

and X for Q/L^. The dimension of L^ will depend on properties of p\ 

however, se see at once that 

x = dim X = dim W - dim H + dim Hh. 

Alao, *i7 is determined by the closed manifold x x . and the principal L -bundle 

over it, which in turn is determined by the classifying map X -> BL^. 

Theorem 7.5 . Let <ft be an. (A' , o~ )- all owable representation. Write 

c = dim H - dim co. Then A° (H: A', a,, p) ~ Q° (3L ). 
— ^ m — ■ m— o— p— 

For, as was just pointed out, if the G-structure is ignored, the homotopy 

class of X -> BL determines the isomorphism class of W with all its structure. 
P 

Since the identical argument applies to bounded manifolds, we can pass to 
cobordism classes. 

It is not at present clear how to modify the above to take account of 
G— structure. 
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1 Introduction ; Transformation Groups 

A ( RIG-HT-^TRAN 3F0RJIATI ON GROUP is a set X a group G + a function 
(or ACTION) $ i X x G h> X such that j- 

TI #(x s l) SK 

¥ a; e X s g p h e H 

T2o $(x,gh) *. 0($(x s g),h) 

Such a transformation group will be dsnoted by $ § X x G -> X 8 1 6„ by 
the action.. . V.'e spsak of & ACTING ON X c 

Writing, j>{y t s) as y s g$ Tl x T2 become 

X o o " 2^ 

V x s 71, g,h s & 

T2. x(gh) «. (x 6 g)h 

Denote by ^ I G -» X the map g yg s for y e X ; and denote by 
g i X"»X the map x x.g for g e Go Note that g : X-> X is a bisection 
with inverse g ^ ; X -t X n 

The action is EFFECTIVE if for each ge G, g 1, 3 x e X Sot x„g S f : 
" FREE if x,g - x s» g s 1 

* TRANSITIVE if V pair a x s y s X, 3g e G s t y * Xogo 

Rote that the action is free «> the action is effective. 
The sat s jg g G : xg s s] is a subgroup of G, called tha 
ISCTPOPY GROUP OP x. 

Define an equivalence relation on X by j x > y 3g s & s , t 

2:<,g s y The equivalence classes ara called ORBITS ; the squivalence 
olsas of x e Z - the ORBIT THROUGH x - is fx G s x g s g s &} a The set 
of squivalence classes 3 denoted X/G 9 is called the ORBIT SST Further 
there is a canonical projection p s X — > X/& s x x& c 

A natural bi^'estion d % g\'G •+ xG 9 & „g *»> x g 

3£ " X 

Pre of : 

-1 =1 

G og » G „h <as> hg S G <sae> Xo hg " s X <;ss> Xh a Xg„ 

S X 

QED 



A TOPOLOGICAL GROUP is a group G endowed with a topological 
space structure sueh that %■=• 

TG lo, The map & Gg, g -»> is continuous < 

TG 2 The map S x & =» G, Cggh) «=>gb» ia continuous o 
If G is a topologiaal groups then a subset H c G is a (TOPOLOGICAL) 
SUBGROUP of G if H is an abstract subgroup of the abstract group G p and H B 
given the subspaee topology s satisfies T& 1 and T& 2 

A TOPOLOGICAL TRANSFORMATION GROUP (TT&) is a topological 
spao© X + a topologies! group & + a continuous actio n $ s X x G X 
satisfying Ti and T2 D X is called a G - SP&CEo 

Notice that g § X -* X is a hom©o 
I 2o Proposit ion 8 

If X x X -s- X is s TTGg then X is Hauadorff * isotropy groups are 

@l@8@do 




Take x e Xo ^§ G -* X is the composite G =* X x G -# X f where 
i(g) = (x 9 g) s and in therefore continuous „ X Hausdorff «> fx ] is dosed ^> 
(x) is closed i amd ^ (x) * G^o .231° 
As remarked above 9 we have a canonical projection p s X-» X/G* W© 
give X/G the identification topology given by p# ie U is defined to be opes 
in x/G p = ^(U) is open in X)„ X/& with this topology, is galled the 
ORBIT SPACE Further £ , p ia continuous 

p ! I =» X/G is an ©pen map 
Pgao£ g 

Let V be ©pan in Xo We want to prove that p(V) is open in X/G 9 is 
that p ^p(V) ao open in Xo We have §= 

P =1 p(V) s |s E X s p(x) m p(v) s for some v 6 f| 

s |% g X s x s vg p for some v 6 V and some g s g! 

■ U ^og 

gas 



But V Q g is ©pan sine® g 8 I -t I is a horns© s> g "p{?) ia opasto 

2 GAs -i 3E&J, G £Q y ~>3£g s is a oontinuous fcijeotionc 

Proof % 

We have only to show @ is continuous W@ have the sommutative 

diagram j, 

& ~» e wher® D 8 S-t sAfi is tha prsjeetion g «»» & r ogc 

n * 

E^N* has (fey defissitioa) the idsntifiaation topology given by JI C Thus 
$ x is oontinuou>j »>9 is eontinuouso 

If & is a topological group and H a (topological) subgroup t . than H 
a@ts continuously on © by right translations 9 ie ^ s S x H -» S s (ggh>»> gfc.. 
The orbit through g E & is gR and the orbit spaa® &/H = the spas© of left 
ooaets of & by H » is s? ailed as HOMOGENOUS SPACE J 

A LIE GROUP is a grow? & with a Sffloott manifold structure s t q 

Llo -Hi© map & =* & f , g ~>.g" J " i is smooth 

L2 The map S x C i & fJ (g,h)- v >gh i , is smooth 

A DIEFERBETIABLE (or LIB) TRANSFORMATION SROUP (DT&) ia a 
smooth manifold I * a Li® group & * a smooth action z M x & =s> M 
satisfying 23, and T2 U is sailed a & ~ MANIFOLD or a SMOOTH G = SPACl 

Kbtice that g s H -> M £ . x ^g s ia a diff 
E3caBggle8 

(i) Li® ..ffl-oupai s 3*% C a under addition - f @f 8 s\ 

under multiplication ; the elasaieal groups 

a a ( *). eL Q (c) f sl q ( a).o n ,so a( D nS si7 t , 

discrete groups, eg 2" 




(2) topo logical groups s All Lie groups j Q a under additions 

groups of all homeos X -* X s nfaere X is 
a @@mpaot topological apace, the group 
having the compact open topology 

(3) Bomoflaooua SRases g Spheres S^ 1 • 

Stiefel manifolds u£ - V\°& 
Graaamaan manifolds = °i/(°n~k x °k^° 
See Chevally 8 Introduotion to Lie Groups I, for (l) = (3)o 

C4) Biff9g i @atiaM.^_fcraaBf©riBation groups s 

X a Riemaaaian manifold^ G tha group ©f all iaometrles 
of x 

-f X ia a compact smooth manifold and v is a vector 
f iald on X 8 then © unique astioa ?. X x S =* X a t for sash x s 
th® tangent at x of the sur^e t <^>(s e t) is a(x) » ie^ § s o f (Sea 
Laag s Introduction t© Diffsrentiable Manifolds Chapter IV) 

(5) PgBglo^gal .tr^sforaatipia .groups s 

G a topological space £ H a subgroup of G 8 then G acts ©a 
the homogenous space &*\ & by g lt\G x G h\G e (Hg^gg)^ Hgj g g o 



2 Analrfeio Topol®gy of Topological Groups and Topological 
Transformation Groups 

2ol„ Proposition s 

(1) H an abstract subgroup of a topological group Ga» § is a 
(topological) subgroup of &„ Further H is normal s» H is normal 

(2) H is a normal subgroup of G »> G/H is a topological group 



(1) Demote by 6' 8 G x G G ilia map (x„yX*> xy""„ Take g„g'J s I 
and eonaider g' g = ^ Let U be any neighbourhood of g' s g \ then by the 
continuity of © (which follows from the definition of a topological 
group) 3 neighbourhoods of g 9 g respectively 3»t V V" 3 * c U 
Sin©@ g e t' e H, 3 h e V P. H and h» e Y^. A H 3 » h f h =1 s (V° V* 1 ) Ale 

U A H,, i® U n H ^ S® g" g =JL s H a» H is a atabgroupc, . 

2fcw suppose H is. normal « Take x e H and consider a x a s wher® 
a e Go ^et U be a aeighbourheod of a x a~\ then sine® the map- y^> 
a""*" y a is a homeo, a"^" Ua is a neighbourhood of x Hence 
a" 1 Ua n H y <f> whi@h implies a" 1 (U nH)a/f (since H is normal)^ 
U n H ^ a x eT 1 e E e ie a H c H c 

(2) This is steal ghtforroMo gSDo 
2&2° Proposition 3 

H an open subgroup of G 3 > H is closed and G/H is discrete. 

Jf 8 

H open ■> Hg op@n 8 V g e G e>H » G <= U Hg is cleaedo 

S ^ H 

Any point is &/E ia both open and closedo ggDo 

tion 

sssss 

ft*cm now onwards E a topological group will always be assumed to ba 
T Q (ie if x„y are two distinct points then either 3 a neighbourhood of x 
not containing y or 3 a neighbourhood of y no t containing x) 



" 7= 

Topological groups are T, (is points are olosed) 

Let & be a topological group Let a 6 f|f 8 a j*' 1 , *> V neigh- 
bourhoods A of a 8 A n |i| p $ s ie i s A Q Sinae & is T g 3 a neigh- 
bourhood B of 1 „ such that a E B and henoa a ^ B n B ~ contradiction 

S© |2f ^ ia fJi | is closed all points of & are elossd ( sinsa for 

any x e & the map p x ? & -> &, y ^. xy„ is a homee)-. ie c & is T^. 
2Ji. A Prop osition § 

(1) If E ia a subgroup of the topological subgroup &„ them &/H 
is Tj H is closed, in G. 

(2) T, homegsnoae spaees are regular = 

Proof' s 

(1) G/H has the Idantifieation tepolegy given by the oanoniaal 
projection p s & =* Q/fL Ems® H is closed in & <^^> figygl & s elsaed 
ia G/H all poinia of &/H are el®s@d <es> &/& ia T, o 

(2) Let G/H fee a T, homogenous spa©@ Let G be elossd ia G/H and 
Let 3t e G/H => Co Sinae p & x G/H =& G/H • (g^ ,, g g H^g^ g g Hg, is 

continuous* (l e s) has am open neighbourhood s f mapped into & /H = G 
by #(sinoe G/& - C is a neighborhood ©f se)„ IhvaU " l C eewI ¥ are disjoint 
aets j V is an open neighbourhood of % and we stow that « is an op an 
neighbourhood of C->. 

The map G =* £J P g=*»g s is a homeo n» U is open. ; If y § gH a C s 
then ^ g ia open in 6 s> U'V ia open in G/HV slnse p § & =* G/H is ©pass 
by Proposition lo3° §SD S 

2 ff 5 Proposition 8 

If H is a subgroup of the topological group G 8 then G/H is 
Hausderff <«***• H ia closed in G 

Let g.H 9 g 2 H E G/H sot g^H d} gg H 9 i©a t g" 1 H where H ia 
glosedo Th© map & * &-* (x^y) ^> is continuous and e@ taking a 



» 8 - 



=1 

neighbourhood W of g^ gg s c t W A H s <p (which is possible since H is 
closed) e 3 neighbourhoods U of g^» V ©fgg s t UV"^ c W 

Now p(u) 9 P(V) are open neighbourhoods of g^ H, gg H respectively s 
where p 8 G -* &/H is the projections and further p(u) and p(V) are disjoint* 

an! 

For if pO n pV f£ <f> then 3 u e U, t 6 V s,t uH « tH <«**> uv e H - 
=1 

contradicting UV c W and W fi h 3 #0 So G/H is Hausdorff 

G/H is Hausdorff => G/H is => H closed s by Proposition 2 4» £EDo 

206 Corollory s 

H is closed subgroup of G <sw» G/H ia (ice, regular and Hausdorff) „ 
Using Proposition 2„3 and putting H a fif in 2 6 s we have s- 

207 Corollory s 

Topological groups are T <, 
Note 3 2o4 s 2 5 9 2„6 did not use the fact that G was T 6 

Compactness 

208 Proposition § 

Let a topological group G act on a locally compact space X B s t X/G 
is Hausdorff a Then X/G is locally compact and for any compact K" c X/G^ 
3 a compact K c X s a t p(K) ■ K c „ where p % X -*• X/G is the projection,, 



Proof 



Take xG s X/G X is locally compact e» x has a compact neighbourhood 
Aop open and continuous p(A) is a compact neighbourhood of p(x) s 
x&o So X/G is locally corapact« 

Let K° be compact in X/G For each y e K 9 , let Vy be a compact 
neighbourhood of some point of p" (y) in X (»> f (Vy) is a compact 
neighbourhood of y )«, There area finite number of y ^ e k° s a t the ' 
f (Vy^ cover K" 

Let K. be the compact set U Vy. in X We have K" c f (K_ ) and hence 

i 

K b I^H f* 1 (K 9 ) is compact (since X/G Hausdorff *> K" is closed ■» 
Kj^ H f" 1 (K° ) is olosed in 1^) and f (k) * K» 
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We quota the next two results, which can be found in Hewitt and 
Rosa s Abstract Harmonic Analysis I ? 
2o9 Proposition 8 

(1) If H is a subgroup of the topological group G 9 then H and G/H 
are compact (locally compact) s> & is compact (locally compact) (See p 39) 

(2) A locally compact topological group is paraoompact e and heme 
normal o (See p„76)° 

Connectedness 

If & is a topological group f denote by G q the component of G which 
contains l n 
2ol0 Proposition j 

If G is a topological group then G Q is a closed normal subgroups 

Proofs 

«1 =1 

G Q is closed by definition^ The maps G •* G 9 x ■*•» x and x a x a f . 
for some a e & s are homeos leaving 1 fised @» they map G into Go The 
map $ g G x G •* G- (x s y) ~> xy is continuous 8 G q connected ««> G Q x & q is 
connected ^ f (G q x G q ) is connected; and f (G q x G q ) contains lo So G @ 
is a normal subgroup Q QED 

2 B 11 Proposition s 

If H is connected subgroup of G and A is a connected subset of &/H s 
then p =2 °(A) is a connected subset of tt, p ! G G/H being the projection 
Proof s 

Suppose p (A) m PUQ„ where P,Q are disjoint and open in p (A) 
Since each orbit is connected (because H is), each of P,Q is a union of 
orbits, P = p" 1 (B) 8 Q « p" i (c) aay s «>> A » B U C , B A C » ^ and B p G sra 
open in B U C ^ A So one of P 9 Q must be empty, jgSD 
2ol2 Corollary s 

If H is a subgroup of the topological group G g then s=» 

(l) H and G/H are connected *>< & is oonneoted 
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(2) The only connected subsets of G/G ffi are points (in G/H q is 
TOTALLY DISCONNECTED) o 
2ol3 Proposition s 

Let G be a connected topological group and U any open subset of G 
Then U generates the abstract group &„ 
Proof ; 

Let H be the subgroup generated by U Then H contains a neighbourhood 
(in G) of each u 6 U and hence contains a neighbourhood of each of its 
points,, H is thus an open subgroup* By Proposition 2*2, G/fr is discrete 9 
and is connected,, &> &/E has only one pointo QED 
2 1U Proposition : 

Let G be a connected topological group and D a discrete normal subgroup c 
Then D is contained in the centre of G„ 
Proof s 

-1 

The map x ««* x dx, for some d in G, is a homeo G -* G- If d e D then 
fdf is a neighbourhood of d and so 3 a neighbourhood U of 1 Sot 
U dUC |d] s i„e x fc b d V x e U. Using 2 13 s we see that 
y =1 dy « d B V y e G„ 
Proper Actions 

For this section^ the reader is referred to Bouabaki % General 
Topology s Part 1, Chapter I §10 and Chapter III §4=> 

=1/ \ 

A continuous map f s X -e> Y is PROPER if f is closed and f (y) is 
compact for each y E Y. 

An action # s X x G «s> X of a TTG is PROPER if (i s <j>) s 
X x G -* X x X B (x 9 g) (xj,xg) is a proper map 

We will assume the following result (proved in BourbakL Chapter I 
$10„1 and &L0o2) 

Axiom s 

The composite of two proper maps is proper 



2 gl^_ 0| Proposition g 

A map f s X =* Y is proper for any compact set KcU, f ^(K) is 
a amp a @ t. 

The map f § f _1 (K) -»■ K s f ^ a fjf"" ! '(K)g is proper (true for amy sat 
It c Y)„ and ao is the map K -* P s where P is a l=point space (since K is 

®ompaet) Hence the composite f (K) -*• k -* P is proper s^f (K) Is 
9ompast u £ED 

2 y l6 0| Theorem s 

An action $ s I x S X of a TTGj, where X is Hausdorf f gis proper 

4> ia @l©se«L and all isotropy groups of X are oompacto 

Pr 



The olossd condition on $ is obvious o 

If 4> is proper then the map (i, § X n & •* X x X 9 (x 3 g) (x f r-g) ; , 
is proper «» (i^)" 1 <x p y) * \(x,g) 6 jxj x G % 8 xg « yl * & is 
compact V (x 9 y) s X x X In particular S » fx| x G ia compact 
V x e X »>& la sompa@t ¥ x e X c QED 

Example g If<#sXx&-*Xisa proper action of a TOC S and, 5 - St or 52 

then ¥ 2 e X ; , 6 s * fljo 
£°17q Proposition g 

Let & he a topological group acting on a Hauadorff space X and let 
K c & be a compaot set Then p s X x K -*> X f (x s s)-»* x 3 s s is proper. 

p is the composite X x K where a(s k -,g) s (xg 9 x) and 

a ia a homeo K compact *• proj § X x X -* X is proper 8 and hence p 1b proper. 

2ol8 Corollory § 

With the notation of 2 17, 

(1) A is a closed (compact) subset of X »zA c K is a closed (oompaot) 

subset of X 
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(2) p § X -» X/K is proparo 
We also deduce s= 

If & la a ©ompaat topological group acting on a Hausdorff space X s 
then the action is proper Further,, p s X =* X/G is propero 
2.20 Corollory 8 

If & is a eompaot topolsgioal group acting on a Hausdorff spase X 
then X/& is compact (loeally contact) <S3» X is compact {locally compact). 

If a topological group G acts properly on a space X E then X/G is 
Hausdorffe Further^ x is Hausdorff 

Let 4> % X x G •* X be tho action s 4> proper »> (i s #) ! Ix xl is 

proper 9 and in particular closedo S® the set C = f (x 9 xg) e X x X g 
V x e X g s &| is closed in X x X c But C » (p x p)" 1 where pxp ! 
XxX-» X/G x X/G and A is the diagonal in X/G c Henos A s (p x p) (c) 
is closed (since X/G has the identification topology determined Tiy p)"> X/(l 
is Hausdorff o 

Sines & is T^ 8 the map <f s X =*> X x G 9 x -v>>(x 8 l) s is a home© onto a 
olosed subset of X x & and is therefore proper Composing & with the 
map X x 5 4 X x Xj (x s g) (x 8 xg) 8 which is proper by hypothesis B we get 
a proper nap X -* X x X B x^(x 9 x)s> A(X) is olosed *>X is Hausdorff £ED 
2 T 22 y Proposition , 

Let G be a ©erapaet topolsgioal group acting on a space X a and 1st 
I be a 6 - invariant subset of X !£h©n any neighbourhood of I contains 
a & - invariant neighbourhood of I 

Sags, 8 

Let V be an open set oonaaining I Then W = X - p" 1 (p(x = V)) ia 
G = invariant and W c V s where p s X ■+ X/G is the projection By Theorem 
2ol9 9 p is proper »> W is open; further s I c W e (gjD 

!Eh@ foll@wing result will be vexy useful g= 
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2 23 Theorem : 

Let & act property on X, ^ i X x G-+X, then the following hold s~ 
(1) I so trophy groups are compact,, 

(2) $ x % G -* X s g «*> xgj, ia a proper map, for each x e X„ 

(3) Orbits are closed,, 

(4) The natural map $ G^/G -& x G s G^g »*» x„g, is a homeo, for 
each x e X„ 

Proof % 

(1) Apply Theorem 2 a 21 to Theorem 2 l6. 

(2) If y e x, $ x ~ 1 (y) s fg e & s xg = y | . which was proved to be 
compact in the proof of Theorem 2„l6 

Theorem 2 21 m> X is Hauadorff « Hence 8 F is closed in & s> |ac| x F is 
closed in X x G (x„ 0_ (?) ) s (ij, <j>) (x F) is closed in X x X and so in 
{xj x X. So $ x ( p ) ia closed in X n Thus $ x is proper 

(3) (x] x G is closed in I x 5 « x c G is closed in Xo 

(4) We have the commutative diagram :<= 

& ^ xG 




& has already been shown to be a continuous bisection, so it is 

<=»1 

sufficient to show that it is closed, F closed in G^/G <«sb» jr (?) closed 

in G «> <f> («r (F) ) is closed in x,& ■> (F) is closed in xGo 

X QED 

2 23 Corollory 8 

If & acts properly on a compact space X, then X/G and & are opmpaeto 
Proof: 

p ; X -* X/& is continuous »> p(X) - X/& is compact (-this is true for any 
action) o By part (2) to Theorem 2 23, 4> x 1 & -* X is proper ;by part (3),xG is 
closed in X and is therefore compact, & ■ # x = ^(x&) and is therefore compact 

QEDo 
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VTe now quote two useful results j proofs will be found in BourbakL Chp III. 
2o25 Theorem § 

Let G be a locally compact group acting on a Hausdorff space X. Then 
G acts properly on X. 

<=3=> for each pair of points x, y e X, and neighbourhoods of x, Vy of 
y sot Is s G s Vy n V g /$| has compact closure (see §4o4 Prep 7) 

<»> V compact K, L c xjg s Kg n L ^ <pj has compact closure,, 

(See § 4«5 Theorem l) 

If G is a locally compact group acting on a Hausdorff space X„ then 
xgX is a WANDERING POINT if it has a neighbourhood V s t jg e 6 s V .gflV 
li <!>] has compact closure, or equivalently, if 3 a compact subset klfcG 8 c t 

g i K«>v x og n v x » 

It follows that the action is proper <ss& all points of X are wandering 
points o The set of all wandering points is clearly open,, 

An action <f> 8 X x G -* X is called a PRINCIPAL BUNDLE if is free and 
propero If$ s I x 5 X is a proper action and G is a discrete group, $ is 
said to be PROPERLY DISCONTINUOUS ( s=x isotropy groups are finite) <, 
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) G— Vector Bundles 

Lst V be a real (or complex) 8 finite - dimensional vector space, and 
let $ i V x G -* V be -a TTG a t ¥ g 6 G, the map g % V -+ V„ v °»> v g, is 
linear (and hence a linear isomorphism) The action # is called a LINEAR 
ACTION and V is called a REPRESENTATION SPACE OF G (or G-MODULE) , 

In the case f 8 V x G -» V is a DTG 8 <p is called a SMOOTH LINEAR ACTION 
and V is called a SMOOTH REPRESENTATION SPACE OP Go 

Let G be a topological group A G-VECTOR BUNDLE is a real (or complex) 
vector bunde p : E-»K with finite » dimensional fibre, together with TTG's 
$sXxG-»X s #s ExG-»Ej, *uoh that s- /■ 

(1) The following diagram is commutative 

E x G * E io< * *^P^°)» 8) * P <&(eog) Ve s E p 

g e G which is written, 

pxi i I P 

p(e)„g s p(e g) 

X x G —j » X 

9 

p is thus, a morphism of G-rpaees (or EOUTVARIANT MAP) 

(2) The induced action of # on each fibre is linear c i e given 

x e X, v,w e p (z) , then (fcv + j/w) g ■ A(v g) + ^(w g)» V g 6 G p h (te JBL 

(or C). 

Example 

Let $ g M x G M be a DTG, then we have a canonical action d# g TM x G 
-* TM given by ((x,v) s g) ~» (xg, dgx(v)) It is easy to see that the 
projection * s TM -* M together with the DTG 3 $ s ilx5-»ll and # s TM x S 

TM is a smooth G=°vector bundle 
Let p : E -» X be a vector bundle Denote by E E the set 
| (v 9 w) e E x E s p(v) ■ p(w)|„ In the case X is a topological apace, 
E E is a subspaoe of E x E; in the case X ic a manifold* E x^ E is a sub- 

manifold of E x E (see for instance Lang. )„ 

A vector bundle p s E -» X„ with finite - dimensional fibre, is said to have 

aiEMANN STRUCTURE if 3 a continuous map <, > : E E-»^ (v,w) •«■» <v 9 w> 8 

Sot for each x e X < P > |p-i(x) x p =i (x) : p-l(x) x p~ 1 (x) -* K 
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is an inner product; the Riemann structure is said to be SMOOTH if 
<, > ! Ej^E-*! is smootho Sote that if X is paraoompact (which is 
the case if X is a manifold) then any vector bundle $ s E •* X has a 
Riemann structure (see Husemoller)o 

One object of this section is to prove that if p s E -> X is a 
G-vector bundle with Riemann structure, where G ia compact, then 3 
a G-invariant Riemann structure on the bundle; that is, 3a Riemann 
structure «„ > s E ^ E -* IR Sot V (v c w) E E x E Vg E fi, <t, » § 
<vg wg> 

We need the following result (for the proof see Hewitt and Ross s 
Abstract Harmonio Analysis I and Chevalley s Theory of Lie Groups I s 
Chp Vo) 

(a) IS & is a compact topological grmspg, then 3 a linear map s 
C (Gj, 2R) =»1R (where C(&, IR) is the spa©® of continuous maps & ~» K ) 
such that 8" 

11 If f i G -* E is non-negative, then J* & f >, o 

12 If f s G •* 1 is non-negative and not identically zero , then 

13 If f s & H is identically 1, then J* & f s 1 

14 Iter any g E G, f eC(G, IR), J & f op g - J & f « Jf sAg, where 
pg s & A gs G =* & are the right, left translations of G by go 

15 For any f e C (G* IR) J & f » J & foi, where i s G -* G, g~» g =1 

(b) Further, if G is Lie group, then J & § C(G, JR ) -> IR 4.3 the 
usual integral defined on compact, oriented manifolds (recall that all 
Lie groups are oriented ) 

lo2 Proposition- 

If & is a compact groups, then f s HxG «* IR continuous (resp smooiii) 
ass> Fs M -» IB. » x^J & f (x, g) dSi> is continuous (respo smooth). 
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(a) The continuous caae For each (x, g) e MxG and a > 0, "by the 
continuity of f 3 neighbourhoods V of x in X and U of a in 6 z,t 
(y 3 e Y Xj g x U g s » jf(y, h) = f(x s g)| < «. 

For a fixed x s X 8 [V s g s G| is a cover for G-m3 a finite sub cove*- 
= f (x s g) J < <? 3 ¥ g s &o 

Denote by fy : G- -> JB, . the map g f (y 9 g) and let |j || be tfee sup sort 
on C (£,. m.) We have *~ 

y 6 V x »> 3| f y (g) - f x (g) 3j < ¥ g s G f » f x !| < * »*| f & 

(f y (g) - ? x (s) )a« h j & ik y -f x ila6<J 9 «as-«J ft ias«« i„e, 

y e V v *>. *j ( & f(y, g) dg - J & f(x, g) ag j < <?, ioe F is continuous, 

(b) The smooth case* We only have to prove the result in the case 
t! » U, an open set in some "Euclidean spsce If (V, #) is a chart of G 
and jS § U x Y -» IR is a smooth map,, then the map B : U -* 3R s fc-v.>j />(u.;g)dg 

" J^(y) ^ ( u > ^ "^(x) )dx <? the usual Lebesque integral; is smooths for 
the proof see Dieudonne P,l?2 (Leibnlts' s rule ) „ 

Let I ( ) : i s 1 ,,„ p | be e finite collection of charts of & 
Sot the cover G s and let f<P^ i i ■ 1 p jbe an associated smooth 
partition of unity „ The maps U x 7. IR, (x 8 g) ^ * A (g) f (x, g), fer 
i k 1 „,„ p, are smooth P aid by 'die result abovo so are the maps 
U - IR, x -»» j vi ^ (g) f (x„ g) dg, for i s 1 i>00 p s ^ the map U- 

x ^ y jv, * (s) f ( x > s) dg is smooth. But, 
i=l 

P P 

X Jv *i ( ^ f(x * s) dg s E J& *i (s) f(x » g) dg u 

i*l i«=X 

Ig 2 % (g) f(x ' g) dg a !& f (x? e) de " p(x) 



Hence 



Fs M •* 1. x ^ fj, f(x P g) ag ? is smooth gED 



Note that the group properties of G were not used in the proof 
of this theorem,, 

The existence of partitions of unity follows from the parac orapac tne as 

of manifolds (See Lang ) 

3<Q Propositions 

Let V x S -» V be a continuous ( re sp c smooth) lineal action s where G is 
compact and V is a finite-dimensional , real vector space , Then 3 a continuous 
(ren®o smooth) G-invariant inner product on V„ 



Let <, >* be an inner product on V We have a continuous (re3p ; smooth) 
amp V x V x G «* IR, (v, w, g) -»> <vg, wg>* ; it follows from Prop- 3-2 
therefore that -the map <, > : V x V -* IR given by (v^)^ L < vg s wg>*dg is 



We show that < s > Is an inner products The bilinearity of > fcilowa 
from that of <„ >* and the linearity of the integral ; <, > is symmetric since 
< , >* is. For any v 6 Vo 



<v, v> > o <=*> j & <vg, vg>« dg > <=b> <vg, vg>* > for some g £ G 

<S3J» Vg f <Wi> V foO 

So < f > is an inner product » It is G~ invariant since for any v s w £ ? E 
k e G C 



Proof s 




continuous (rasp smooth ) 





3:»4 Tlieoremg 

Let p: E ■* X be a (smooth) £ - vector bundle, where G is compact , m.ih 
a (smooth) Riemann structure , then 3 a (smooth) G-invariant Riemann 



structure on p: E -+ X. 
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Proof : 

Lat the given Riemann structure be < s s* % E E 2R„ We have a 
continuous (smooth.) map E^Ex G >+ 3R , (v, w,g) <vg, v/g>*, By 
Prop 3c2 8 tho map <, > : E ^ E»* 1, (v, ) J & <v Ss wg> * dg s is 
continuous in the continuous case and smooth in the smooth ease; by Prop 
3=3? for any x e X, <, > jp^x) xp"^ (x) is a G= invariant inner 
producto 



Lat $ M x & -* M be a DTd ? where G is compact,, Then the 
canonical projection sr s' TM =* M together with the DTG- S s # 8 M x G »+ H, 
d <P I TM x & ~* TM, is a G-vector bundle; by Theorem 3o4, we can give tlx® 
Bundle it s TM -» M a 6-ixKrariaat Riemann structure* It follows that for 
any g e G, the map g : H M is a„t for any x e M„ dgx s M M 
preserves the Riemann structure <> Since ' the exponential map depends only 
on the metric f to have ¥ x a M 5 g e G 5 the commutative diagram s 

\— 

sxpoj, J, exp 

M M 

g 

Using this result we can deduce t 
3„6 Theorem ? 

Let $ % M x & -* M be a DTG S where & is consp&et,, end let p s M be e 
stationary point (i,e 6 p g a p, f g e S)» Ebwra 3 a { & =• inrariant) 
neighbourhood U of p is H s„t U is isomorphic as a G-spac® to an open 
set in alinear representation space of & 

Proof; 



Give M a G-invariant metrics. By Prop 2 22, 3 a 0-inraria»t 
neighbourhood U of p,«J» fl UxG- : iIxi->Disa DT&. 



Assume U is small enough s<,t U is the diffeomorphio image of a diss Y, 
centre 0, in fc^ under oxp 'The action of d<£ ? T M xG -+ TH restricted to 
M. x G is 8 t((p,v)j, g) (p, dgp (v) )„ sinoe p is a stationary points, 
M has a G-invarlant metric a> d <£j Mp x G sends V x G onto V j we then have the 
conmutative diagram , 

V X Qr ■ & ->V 

exp w ij, ^ * J, exp 

U x & •> U 

dAlu x &: M x& -» M is a linear action and thus M is a linear 
P P 'P P 

representation spaae of &; the above commutative diagram CJED 
assures the result,, 
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Loeal Trivialita 



First we state the Rank Theorem ; proofs can be found is Dieudonne s 
Foundations of Modern Analysis , and in Flett s Modern Analysis 

4 1 The Rank Theorem (Vector Spaoes) s 

Let E be an m-dimensional 9 end F an n-dimen a io nal , real vector spaoe s 
A an open neighbourhood of a e E 9 and f s E ~» F a map s„t V x e A s dfx 
has rank p, for some fixed integer p Then 3 P 

(1) An open neighbourhood U c A of a and a » diffso u s 
U -» I 01 (the m ~ cube). 

(2) An open neighbourhood V 3 f (a) of f (a) and a C 9 - diffso 
v s I 11 -» V, Sot f/CJ » v o i O u s where i % I 1 " -> I 11 is the map 

(X^> » o o 8 X^) ~> (Xj, ooo f Xp, O, coo O) 

From 4=1 we ieduce s= 

402 The Rank Theorem ( Smooth Manifolds) s 

Let M be a smooth m =■ manifold and N a smooth n « manifold , A an open 
neighbourhood of a e U, and f % M -* N a smooth map s t V x e A s dfx haa 
rank p„ for some fixed integer p„ Then 3 a neighbourhood W of in M and 
diffeoa u* s W ^ u* (w) c M, where u*(w) is a neighbourhood of a 

v* 8 f u* (W) *> dfa (W). 
suoh ttiat s dfajw a v* f u* fw 
Proof s 

We can assume A is Sot (A,#) is a chart of M around a 8 for some <pr : 
and that f (A) c B 9 where (B 9 #) is a chart of N around f (ft) for some $» 



We have the commutative diagram 



A ^ B and we can apply 4° I to 2* on <p(A) 

<P (A)— > *(B) 



Hence 3 an cpea neighbourhood U° c $(a) of <^(a) an open neighbourhood 
V" D? ^ (A) of f 4(a), and (smooth) diffeos u 8 : U° -sf, g I s -» V° 
s 6 t„ ?|U e - v°o i O u\ where i ( f-cl 9 (x^o 00 x ffl ) (x^, „oo ,x p ,o oo)o 
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It follows that 3 open neighbourhoods tfcA of Aa and VcB of f(a) such that 
the following comnutea, 

U 

a J, % T 

where u, v are differ* 

I- ^ 



TIenee, dfa a d»(iu(a)) o io dua , T7here du.a : M 58 St ffi 

_ m _ n 

a. : 3R -» 3R 

dv (iu(a)V m n N f (a j 

ss> dfa s dv (iu(a))o v" 1 oglUjo u" 1 o dua, on the open set (dua) =1 (l n ) 

ie dfa | W * v« f u* j Y/ s where W is an open neighbourhood of in M arid 

a 

ii*s W u* (w) " a neighbourhood of a in M 

& a*: fu * (W) « dfa (w) 

Let f s X X be a continuous map,, We say f is LOCALLY TRIVIAL if 
for each x e X 3 a set U c X containing x s„t f | U s U -* f(u) is a 
hemeomorphism cnte; a neighbourhood of f (x) in Yo U is called LOCAL CROSS 
SECTION AT x„ 

4o3 Theorem; 

Let ^ s K x G -* M be a DTG and 1st x s M have trivial isotropy group 
(is & x s | l| )„ Then the map <p^ 8 G- ->• M, g^>2c,g is an immersion,, 
Proof: 

Let p deaate the rigjrfc translation of & by g 8 i e p (h) s hg 

V h s &> and recall that we denote by g : M -* M the diffao given by 31 
Xog, V x e M„ We have a commutative fi.:tep*eia s 

which gives rise to the commutative diagram 




*> rank of d g is the same V g s & 



l^x g 



4o4 Corollary 

Let G be a Lie group acting smoothly and properly on the emoo'th 
manifold M", and let x e M have trivial iaotropy group Then the map 
4> x ° S ■* M, g -> x g, is an embedding o 
Proofs 

The action of G on M is proper => 4> x 3 G -» M ia proper, by Theorem 2 23; 
in particular $ is cloaad Theorem 4o3 -» $ is an injeotive inmersion,, 



Hence by the rank theorem, $ x ia locally equivalent to d $^1 (ie 3 
suitable differs u* s v* s„t 4> x s u * d^lo v» on a suitable neighbourhood) 
But <f> x is injective and hence so is d ^g, ¥ g e G, ie ^ is an immersion ; 

m 

We now com© to the main result of this section s- 
4og Theorems 

Let #sMxG-*Mbea DTG, where the action of 4> ia free and proper., 
Then p : M -+ Mj &, the oanomioal projection, is locally trivial 
Proofs 

For each x h M, we have an immersion $ s G -* M (by Thm 4<>3) s and so 
d^l % G^ ■* is injective,, (in fact,, <f> x is an embedding by Cor 4o4)« 
Thus M„ - T x ® d ^ x 1 (&^)„ where is the orthogonal compliment of 
d ^ x 1 (0 1 ) in ; note that d ^ 1 (G^) is the tangent spp.se of the orbit 
through x, at x„ Choose a disc (is closed ball) s„t D ia a 

neighbourhood of in T x and Sot D is so small to be mapped diffeo- 
morphically by exp into a chart neighbourhood of xj thus we can assume 
exp D is in Euclidean space a Not a that x s exp D 

We claim that 3 a disc D* c D (D* a neighbourhood of in T ) s t pj exp D* 
maps exp D* homeomorphically onto a neighbourhood of p(x) in m!& ( 
which will prove the theorem The action is proper =*> Mj& is Hausdorff (bj 
Thnu 2 2l)o Hence since D* is compact, p | exp D* is closed s and it is 
therefore sufficient to prove s= 

(1) p J exp D* is injective 

(2) p (exp De) is a neighbourhood of p(x) in M j G 

(1) We shall show that 3 a disc D* c D s»t $ f (exp„D») x & is injective, 
from which it fallows that & » x g & « x 2> V x^, x g e exp D* s and 

so that p (x^) * p (x 2 ) =»> x 1 = x g , V x x g e exp D*, That is, we shall 
show that 3 a disc D* c D s c t orbits which intersect exp D* only intersect 

at single points. I.e. that yg ~ z p y s a e exp D *, g e & a=> y - z, g 1, 
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By Thm. 2,25 > the set K - jig E G: exp D n (exp D) g ? tf>| is compact; 
so we know that yg « 2, y, 2 e exp D„ ««> g e K. The set J 
= f(y, z,g) e exp Dx exp D x K s yg = b| is a closed ( and therefore 
compact) subset of exp D x exp D x K ~ since it is the inverse image 
» sf the diagonal in exp D x exp D under the map exp D x exp D x K -t> exp D 

x exp D, (y, z, g) (yg, z) Further J does not meet fxf x [x] x 
(K -» [l] ); by the Hauadorff property of M, it follows that J is 
disjoint from some neighbourhood W of [x\ x fx] x (K-[l) ) in exp D x 
exp D x (K - |l| ) (and therefore in M x M x K)„ We oan assume W = 
exp D* x exp D «■ x L, where D * g D is a small enough disc. Then <f> f 
exp D* x G is injestivo. 

(2) Since p is an open map (Prop.l 3) , it is sufficient to prove 
(exp D*) G is a neighbourhood of x in M« By taking partial 
differentials, we have that d 4> (x, l) s M x x G^ is given by, 

d <f> (x c l) (a, V) a a + d <p i(v)„ 

So the restriction d <^>(x, l) |D * x s D* x & -0 D* © d ^ 1 (&,) is an 
isomorphism, since d ^1 is infective and D* lies in the orthogenal 
compliment of d ^ 1 ( & ^)° D*is a neighbourhood of in T^ =»> D* ® 
d ^ (G 1 ) is a neighbourhood of in © d ^ 1 (G ) s M „ So the 
rank of d $ (x, l) |D* x G^ is dim M„ 

d <f> (x, l) ! D* x G^ has maximal rank»> d# (y,g) | D* x G^ has 
maximal rank, for (y,g) in some neighbourhood N of (x, l) in M x G, and 
since D* is compact, we can assume (exp D* x U^-jj^ where U is some 
neighbourhood of 1 in &, By the Rank Tfeeorem, it follows that $ 
(exp,D* x 0) is a neighbourhood of x «■> (exp, D*) G is a neighbourhood 
of x, 

4o6 Corollory; 

If & is a Lie group and H a closed Lie subgroup, then the 
canonical projection p : & -* &j H is locally trivial. 

Proof s 

The action G x H -+ &, (g, h) gh, in smooth and free,, Vfa show 
it is proper; the result then follows from Theorem 4o5o 
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The map (i, <f>) s G x G -# G x S, (g, , gg)^ (g^, ^ g^), is a homeo and is 
therefore proper. H is closed in & =s> G- x H is closed in & x G »•> (i* <js) 
l&xHs&xH=*&xGis also proper, <^> the action &x H -*> G, (g, h)«*> 
gh is proper (by definition) „ 

NpB If U is a local cross section of p : G GjH at 1, then HH U » (l| „ 

Remark ; &1h has a &-manif pld strniot ure^ 

Firsts we put a manifold structure on &|H 9 For eaoh r. e G, 3 a 
set U x> containing x s t p|U x % U ~» p (IT) is a faomeo onto a 
neighbourhood of p(x)„ Let (V,S) be a chart of & around x§ then (p(V) H 
p(u x ) t q^) is defined to be a chart of GjH around p(x) where s 
p(" J x ) -» U x is (p | V^j ^ and t is a "straightening" map from the relevant 
Euclidean space to itself (recall that p is an open map),, Clearly the set 
of all such charts forms a smooth atlas for G|h„ 

Finally, we have the oonmutative diagram, 
G x & — ?. y G 

pxl i ip whers « ( gl , g 2 ) » 

G/HxG - — — — ^G/H 

& a ( g^H „ S 2 ) » g 2 &j_ H 

The manifold structure defined on GjH ^m> p is smooth, and in fact, is a 
local dif f eomorphism *»> a is smooth; and we have already shorn in 
Sec c It that at s &|h x & =-» &|h is a transformation group » 
So GjH is a frganifold 

^■p? Theorems 

Let <j> s M x & «# M be a DT& and let x e M have (closed) i so tropy group E„ 
Then the map 6 s h|G -* H« Hg -•*>'<• Xog s is an immersion,, 

Proof! 



H being a closed subgroup, is thus a Lie subgroup (see (jhevalley ; 
Intro duetto to Lie Groups I, P139-5 ) « Hence p : & -* III G is a local 
diff eoc We have the corsnutative diagram, 
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p a local diffeo t $ smooth *=> 8 smooth,, 



Let .^[g] Hj(J ~» HjC be the right translation of h|& by [g] « p (g) 
i o8o P[ g ]C h 3 " [hg], Pj- g j is e diffeo by the remark above. We have the 
commutative diagram, 

dp r q [l] 
(^[1]— (H/&) [g] 

d©[i]l I **[g] 

M x ~ dgx ^ xog 

Hence the rank of d |g ] is the same V Ig] £ h|G-„ By -fee rank theorem 
d0[g] is locally equivalent to p V (g) e Hf& 6 infective —> d0[g] 
injeetive V [ g] e H|Gs, so is an icmersiono 

m 

4o8 Corollorys 

Let 0sMx&-oMbea DTG-, where the action of <f> is proper, and let 
x's 'M have isotropy group H Then 9 % H|& M, Hg ~>xg, is an embedding* 

5o Slices 

Let 8 M x C» -» M be a DTG, and H a closed subgroup of G„ A (SMOOTH) 
H = SLICE IN II is a subset S of M Sot %■=■ 

(1) S is invariant under H c 

(2) Sg n S f $ -» g e H 

(3) If U is a local cross-section at 1 of the projection p ; & -» Hi & 2 
then # j Sx'CJ : S x U -» 11 is a diffeo onto some neighbourhood 
in Mo 

In the case of a TT&j, the concept of an H - slice can be defined 
analogously - "diffeomorphism" in (3) being replaced by n homeomorphiam " = 
Note; By (2), s e S G c H, 



Further, if x s H, then a SLICE AT x is a G - slice S which contains x, 
and s t. , with the notation of (3) j $>\ S x U-*M is a diff eomorphism onto 
a neighbourhood of x in M (<p (S x U) automatically contains x)<, 

5oQ Lemma s 

Letf ! V x Z 4 V be a continuous map , where Visa metric space and Z 
a topological space o Let K be a compact subset of Z and let v 6 V; then 
given ? > o, 3 I > o Sot dist (v, w) < $»> dist (f (v, z), f (w,z) ) « 

<g, V z s K. 

Proofs 

By the continuity of f , 3 §(s) > o and an open neighbourhood l* z of z 
s„t f : B(u, 8(z) ) x N z -* B (f (v, a) <|2 ), where B ( a, X) 
denotes the open A~ disc centred at a„ Note that if 8° e N » then dist 
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(v, w) < S(Z) —> dist (f(v, «'), f(w, z 1 ) ) < f. 

The open sets N form a cover for K and K compact ss> 3 a finite 

subcover |N . .. N | for K„ Put 8 ■ mln | S (2. ) : i - 1 ..„ kj. Then 

2 1 s k 

V * 9 e K, dist (v, w) < « dist<,(f (v, z»)> fO^z 1 ) ) < «„ QED 



5ol Theorem (Exi stance of Slices): 

Let <f> ' M * G -» M be a DTG S where the action of <f> is proper,, Then 
3 a smooth slice at each point of II. 

Proofs, 

Take x e M and let- x have isotropy g» up H. The action of <f> 'is proper 
sk*> H is compact «*> we can give M an H-invariant metrico By Theorem 4 "/ ? 
ihe map 6 1 H|G -f 15, Hg xg, is an immersion (it is in fact an 
embedding by Cor 4°S) => d. & 1 : (h|g)^ -* M is infective „ Note that 
d 8 1 ( hJg)^ is ths tangent space to the orbit of x at x. Let be ths 
orthogonal sub space of d d 1 (h|s)^ in M x and take a disc D in Sot D is 
a neighbourhood of o in T^ and 8 t D is so small that it is mapped 
diffeomorphioally by exp„ Pat S « exp.D. We shall show that by 
restricting D if necessary , S is b slice at x„ As in the proof of 
Theorem 4<>5, we can assume S is contained in some chart neighbourhood of x B 
le that S is in Euclidean space. 
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(l) Sines M fasa an H-invsriant metrics, for h e H, we have the 
comjiutative diagram, 
dhx 

\ ?\ 

expi iexp dSl (HjG^ 

Recall that the differential of exp is the identity map, from whicsh 
it follows that exp maps d 5 1 (Hf ■= the tangent space of xG at 
x ~ onto xGo Her«e, xG is invariant under h «■> d 1 (h|g)^ is 
invariant under dhx Q Since M an H-invariant metric 8 is therefore 

invariant under dhx §ss» dhx (D) « D sss> S s exp o dhx (d) s h(s) s 
S,h„ So S is H-invariante 

(2) We want to show that Sgn S f **> g e H 

Let U be a local cross-section of p : C- -* Hf& at 1, s t p(u) 
open (which exists by Cor 4o6), Then p p(U) » HU, and since p(U) is 

open in H|& 8 HO is open in & (sinoe HjG has the identification topology) 
HO is thus an open neighbourhood of H; and G - HU is closed^ <p is proper 

s & -* M is proper and hsnc9 closed So x (& - HU) is closed in M 
and further x g x(G~Hu)„ 

The action of <f> is proper 3 a neighbourhood of x s„t K « 
\g b & V V x g n V 2 |= # I is compact (Theorem 2 C 25) , and to can assume D 
is small enough s c t S c V , (Note that H c k) 

It follows from Lemma 5 o that given c > o, 3 S > o s.-.t diet (x : y) 
< § a»> dist (sg, yg) « g p ? gE L 

Let dist (x, x (G-HU) ) a <f s then by restricting D if necessary we 
can assume that the radius of S ia < 6 < «j 2, where 3 is s t 
dist (x, y) < | «> dist (xg, yg) < «r|2 9 ¥ g s K„ 

Suppose S g AS iif , then 3 s s t 6 S, g s K s<,t s„g s to Now 
dist (x, xg) $ dist (x, t) and dist (t, xg) » dist (x t t) : 

+ diet (eg, xg) < '^2 + « « 



Hence g $ G - HU S i Q e g e HU 9 S© g s au, for some h e H s u s U„ We 

i 1 

have that t « sg = ahu a s u, where sh s s £ 3 - since S is H invariant G 

If u | 1 (»> u i H, since U D H « {if - aee N B (2) to Cor„4o6)j> then 

x.'u 4 x and so 3 a neighbourhood W of x s t Wu H W s # D Restricting D if 

1 1 

necessary s we can as sum S c W -> Su l~\ S & <f><> Hence t » s u s t, s e S s 

u s U b» u s 1„ ao g m h 

(3) We want to show that if U is a local croas-seotion of p s G -* h|g at 1„ 
ther #|g x U : 3 x U S U is a dif f eomorphi sm onto a neighbourhood of x in Mc 

(a) $jSxU§SxU-»SoU iaa homeomorphismo Since $ is continuous and 
cloe ed (since it is proper) we only have to show it is infective =, Suppose 
su s tv, where s„ t e S, u 9 v e V, then uv ^ e H (by (2) uv"* = h say a 
So u ss hv »s> p(u) a p(hv) s p(v) <ss» usv since pju s TJ -» p(U) is a home© 

s> S » to 

(b) x U s S x U -* S U is a homeo onto a neighbourhood of x„ 

Let $> s S x p(U) •+ S U be the map .defined by $ (s, Hu) = su (which is well= 
defined since U ft H & |l| )„ so we have the commutative diagram^ 




>SoU 





- 30 - 



p(u) c H|& «» T lies in the orthogonal compliment of d $ 1 (p(U), ) »> 
d J (x, 1) ia injective, p(u) a neighbourhood of 1 in H|& «> p(U) 1 = 
(Hft^ «> d (x,l) : T x x p(U) 2 % T s © d ? x 1 (p(U) 1 ) . • d 8 l^G^ 
~ M x° So d ? (x, 1) is surjective, and is -therefore an isomorphism, 
d $ (y B Rg) is therefore an iaomorphi am for (y, Hg) in some neighbourhood 
N of (x, l) in S x p(U) The' rank theorem «> J (n) is a neighbourhood of x 
in. M => % (s x U) ■ SoO, is a neighbourhood of x in M„ 

(o) <f> \ S x U -v Soli is an immersion,, By (b), 3 a neighbourhood N of (x, i) 
in S x p(U) Sot (y, Hg) e N »> d ? (y, Hg) is an lsomorpbism S compact 
»> we can take S so small s D t S x |l| c N c 
We have the commutative diagram 3 



'Hu y m ^ 

^ where P u :p(U) -* p(u), 

lxdp u I J % ^ T dua 

Hr •*> Hvu, and u e U 



S x p(U), . — > 

* d?(s,l) ^ 



8 



Hence d | (3, Hu) is an isomorphism - and in particular injective - 

¥ (s 9 Hu) in S x p(U) D $ is thus an immersion $ Is an immersion (by the 

commutative diagram of (b) ) 

QED o 

NoBs 

(l) In constructing a slice at point x e M t we have thrown away the 
original metric oa M and replaced it by a G- - invariant one. Thus the 
exponential map used in constructing the slice, will not necessarily be the 
same as the exponential map used to construct a slice at another point y when 
M has a G =• invariant metric 

y 

(2) The slice theorem shows in effect that points with isotropy groups of 
the same dimension (<*»> their orbits have the same dimension) are 
locally equivalent, in the sense that they have neighbourhoods diffeomorphic 
to D x D, where D is a disc of dimension « dim M -dim (orbit) and U a 
local cross-section of psG -+ H|& at 1, of dimension = dim (orbit) 
(since p iu : D -* p(u) is a homeo onto a neighbourhood and & % H|G * x &) 
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A continuous map f : X -* X 9 between G - spaces X, X* is EQUIVARIANT 
if V x e X t g E S, we have f (x„g) - f(x) g„ 

5o2 Theorem ; 

Let f : X -* X' be a continuous (reap sraooth) equivariant map between 
G-spaoes (resp„ G-manif olds) X, X s , and let S' be an H - slice (resp„ smooth 
H - slice) in X"„ Then S » f" x (S 1 ) is an H - slice (resp, smooth H- slice) 

in Xo 

Proof : 

We verify that conditions (l) - (3) for slices, hold for S. 

(1) If s 6 S, h e H then f (ah) - f(a)„h e S" , since S 8 is H-invariant, =»> 

ah e S s^> S is H = invariant,, 

(2) If s - t«,g, where s ( tEE fge&i then f(s) = f(t)g »>g e IT since 
f (s), f (t) e So. So Sg n s|* =»> ge Ho 

(3) (a) In the continuous case, all we have to show is that | s x U : 
S x U -» SoU is a home© onto a neighbourhood of X, where $ i X x G -* X is 
the action of -G on X, and U is a local cross-section of p : G ■=* HjG at 

1„ Let <t> " t X" x G -» X* be the action of G o© X s D 

Note that S.U. c f ^ (S> U) o We have the commutative diagram, 

f x t 

S x U LJL± — =j, s» x U 

^ ^ * i*°|S'xU „ oommutativity follows from the 

f^S'.U) — ^ j S'oU equivariance of f , 



Clearly % is onto f" (S» D) i,e S.U a f (S'U)„ # is also in j active, 
since if s^ = s 2 u 2 where S., S g 6 S, u g s U, then - s^u-^ <=BS> 
Ug ol a 3. (since U C) H e (lj )<ac> u^ a u^and • « s 2o $ continuous and 
closed => $ ia a homeo. S"U is a neighbourhood in X u »=> f ^ (S"ll) is a 
neighbourhood in X, and f" 1 (s 5 u) - S.IL 
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) V s e S, u e U 

, SU%>3 ) 



$ : S x U 4 S U is thus a homeo onto a neighbourhood in X. 

(b) In the differentiates case we have to show further that % is a 
dif f eomorphism . % is smooth ; we show that 9> ^ is smooth,, Consider the 
two maps 

^ ! S U ► U 8U«v>U ) 

and # g I S U > S 

f - pro j 
So ^ is the conposite : S a U — — -> S" U % S" x U ■ — * u 

Sou -v> f(a)u ^.jp (f(s),u) «^ u 

and is therefore smooth; and $g is the composite. 

lx<fr lx inv. . <f> 
S U =» S.U x U > SoU x tJ — > S 

b.Uo ~> (su, u) (au,u 1 ) ^> 3„ 

and ao $2 is smooth. And ? =1 s SU -* S x U is given by su .»> (su) 2 ± @ 
su (^ 2 (su), ^ (su) ) «> ^f" 1 is smootho 



Theorem 5o2 is the first step in extending the slice existence theorem to 
the topological case, but before we can continue we need the following 

Lemmas s ™ 

5 „ 3 Lemma s 

Let G be a compact Lie group and H a closed subgroup a Then 3 a linear 

representation space, V, of ft and an element v s V s a t the isotropy group 
of v, G-^s is equal to H. 

For the proof see Borel : Seminar on Transformation Groups , Chp. VIII (by 
Palais) , Prop. 2 2. 

5o4 Lemma ; 

Let <f> s X x G -*• X be a TTG, where G is compact, and let x q e X„ Then 3 
an equivariant map of X into a linear representation space of G, which is 

in J active on x q Go 
Proof; 

By Lemma 5.3 3 a linear representation apace ¥ of G and an element v f v ■ 
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G - G- ; hence the aap f s x G ~*vG , x g ~> vg, is well defined, continuous 

7 x o ° o 

and squivarianto Since x q G is a compact subset of X, and X is Hausdorff , we 

oen apply Tietze' s Extension Theorem to obtain a continuous extension f i 

X of f ; note that ? is infective on xG. 

The map G -+ V, g (xg) g ^ is continuous (since it is the composite g 

(xgj g™ 1 }^ (? (xg) g" 1 )^ ? (xg) g^ 1 ) o G is compact «ae> (see Proposition 3=2 ) 
the map F : X -> V is continuous „ where, F(x) a J^, 3? (xg) g ^ dg. 



V/e show that F is equivariant and is infective on x q G, 

(i) F (xh) =•, J" ? (xhg) g" 1 dg » J & ? (xk) k" 1 h 4k, where k . hg 

- (J ? (xk) k =1 dk)h * F(x) h, V x e X s h e Go 

(ii) F(x Q h) - J ? (x Q hg) g' 1 dg « J & f (x Q hg) g" 1 dg * J & f(x Q h) dg 

s (J & f (x Q ) dg) h « (J & v dg) h * v.h, V h e G 

«s> F is infective on x G, since & « G . 

° v * Sl> 

We are now in a position to extend 5=1 to the case of topological transformation 

groups j where the group of the action is a compact Lie group. 

5o5 Theorem (Existence of SLioes) i 

Let $sXxG-s>Xbea TTG, where G is a compact Lie Group. Then 3 a slice 
at each point of X<> 

Take x e X. By Lemma 5°4 9 3 an equivariant map F s X -* V, where V is a linear 

representation space of &„ s t F is infective on xS and s.t G s G # \. V is 

x * W 

a smooth G-spaoe and so 3 a (smooth) G p ^~ slice S° at F(x)„ By Theorem 5o2„ 
P™ 1 (S 3 ) is a G p ^ <= slice at x ; but G f ^ n G^ QED... 



6o Orbit Types and Principal Orbits 

Let G be a group. We define an equivalence, relation on "Hie subgroups of G by:~ 

»» Hg <»*>> 3gE&8ctH^s g" 1 Hggo 
The equivalence classes of this equivalence relation. (ice, the conjugacy classes 
of the subgroups) are called ORBIT TYPES 



Let <f> : lxU-+Xbea TTG, The ORBIT TYPE OF A POINT x e X is defined 
to be the orbit type of the isotropy group of x. Note that if x e X has 
isotropy group H, then xg e x& has isotropy group g * Hg; so the points on 
a particular orbit have the same orbit type. The (ORBIT) TYPE OP AN ORBIT 
IN X is the orbit type of any point that lies on the orbit. 

Two orbits, of perhaps different G-»spaces, are called EQUIVALENT if 
3 an equivariant homeomorphism (ios a continuous equivariant map with 
continuous inverse) mapping one orbit onto the other, 

6 1 Proposition % 

Two orbits have the same type <ss> they are equivariant. 

Proof; 

Let r be an orbit in the G-space X, and let f be an orbit in the G-apace 
X c „ If T, I* have the same orbit type, then 3 x e 1% x- e!" s t 
& x - G^, o The mapping f : r -» r< , xg •*>»* g, is well defined, bijective and 
equivariant. It is continuous with a continuous inverse because of the 
commutative diagram*, s 

x x G -)» xG 

* i if 
x 8 x G ^x 8 G 

This proves the first part. 

Now suppose 3 an equivariant homeo f : T -» I" » Then for each x $ T t the fact 
that f : xg ^ f (x)g assures that & x c &f( x y F is an equivariant homeo 
sa=> f" 1 is an equivariant homeo *=> & f ^ c G^o Hence G^ » & f ( x ) "™ !> r t^' 
have the same orbit type 

Yfe now come to our main result for orbit types : - 

£g2_Theorem„ 

Let <p s M x Ix -t H be a DTG, where the action of «JJ is proper. Then M 
has locally a finite number of orbit types,, 
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Proof g 

In the case M is O-dimensional , for each x s M, [x\ is a neighbourhood of x and. 
fxj, since it contains just the one point, contains just one orbit typ«° So 
the theorem is tre in this case«> 

Now suppose it is true in the case M is a k = manifold, V k s.t $ lc < n, This 
implies that if M is compact, M has a finite number of orbit types s> if 
M * S k , s k s n, H has a finite number of orbit types. Y/e shall show that 
this last result =e> the theorem is true in the ease M is an (n + 1) - manifold* 
This will prove the theorem,, 

Let M be an (n+ l) «=> manifold and let x e M„ Let H be the isotropy group of 
x and give II an H - invariant metric (recall that the action is proper ssk> 
isotropy groups are oompact) We can construct a slice S at x (as in Theorem 
5cl) =>x has a neighbourhood (e.g S.U where U is a loceil cross-section at 1 
of p % & -» h|g) Sot every orbit in the neighbourhood meets S« So it is 
sufficient to show that there are only a finite number of orbit types in S» 
Recall that 8 e S «> & c H, so we only have to consider the action of H on S, 

3 

i„e we can restrict our attention to the DT& - $|m k H : M x H -* M. 

x is a stationary point of H, and further S is H - invariant. By Theorem 3«6 w« 

see that S is isomorphic , as an K-space , to the disc D « exp S s where exps 

M x •* U. Reoall that. D is a neighbourhood in N^, where is the normal 

space to xG at x. B leaves s D fixed, acts linearly and isometrically on 

D s and leaves D in N^j so H acts orthogonally on D„ Clearly, all points on 

the sane open radius (i„e a radius excluding the centre point) of D have the 

same isotropy group, so the different orbit -types occur on the boundary of D 

and at 0, The boundary of D is S^, for some k s t s k s n, and the 

inductive hypothesis assures that there are only a finite number of orbit 
k 

types on S ; further, til ere is just one orbit type at - namely the one 
determined by He D has thus a finite number of orbit types,, => S has a 
finite number of orbit types<> 

In order to introduce the concept of a "principal orbit", we need the 
following proposition s= 

6o3 ProBOgitiong .. 

Let & be a compact Lie group and let H be e proper Lie subgroup,, 
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Then either (l) aim H < dim £ 

or (2) dim H - dim G, and H has fewer components than & 

Proof; 

First note that the compactness of & =«> & has a finite number of components » 
Also, HcS dim H * dim G. 

Suppose dim H = dim &, Then H contains a neighbourhood of 1 in G rm> H 
contains G Q . H is a proper subgroup of G »> H|& o is a proper subgroup of &}G q 
(recall that & Q is a closed normal subgroup, by Prop, 2 o l0)„ G|& o is compact 
discrete (since & Q is open and closed), and is therefore finite. But the 
components of G are the cosets of G 

Let $ s M x G M be a DT&, where the action of <£>is proper. Since the action 
is proper, the iaotropy groups are compact,, In the class of all isotropy groups 
of the action, we can therefore apeak of a particular isotropy group H being 
"minimal" in the sense that s = 

(1) dim H is a s small as possible. 

(2) subject to (l) the number of components of H is as small as possible., 

An orbit of the action is called a PRINCIPAL ORBIT if there is a point on the 
orbit whese isotropy group is minimal in the sense described above. Note that 
condition (l).iimplies the dimension of the principal orbit is as large as 

possible. 

Proposition 6„3 assures that principal orbits always exist 
Notations 

If #:Ux&-»Mi3a DTG, where the action of # is proper, the set of points 
in M lying on the principal orbits of the action is denoted by P(* r ,&)<, 
6.4 Lemma; 

Let (f> g Xx & -* X be a TTG and let S be an H - slice in X<> Then the map a % 
S !H -#• S&| &, sH^» s&, is a homeo. 

Prooft 

We have the following two restrictions of <f>» and their associated projections 
from the corresponding restrictions of X to their corresponding orbit spaces :« 

^ : SG x G -* SG; p^, S& ■+ SGiG, sg ^> sG 

*2 ! SxH->S ; p 2 • S->S|R, s „>. sH 



Not a that p~ ( (S) = SG-IS 

For a 1 , s 2 e S, s^G « - s g g s for some g e G <=*:» ^ - s 2 g for 

some g e H (condition (2) for slices) s^H - SgH. So a is inj ectivo. 
We have the commutative diagrsE s 



S 



S&fG <£- — s|h 





Wo now come to the main (and rather surprising) result of this section : = 

6c 5 Theorem (Principal Orbits): 

Let $ s 1! x 5 •> li be a DTG S where M__is i connected and the action of <*> is 



connected^ Further, all principal orbits are of -fee same type c 
Proofs 

In the case M is - dimensional, M has just one element and the theorem 
follows trivially a We assume the result is true in the case M is a connected 
k <= manifoldj If k s«t o $ k « a, and show that this Implies the result is 
true in the case M 3a a connected (n + l) <= manifold,, This will prova the 
theoranio 

d) P('V g) is ..op_en 

Take x e P(l 5 G) and let S bs a slice at x, Then S&isa neighbourhood of 3C 

and every orbit in SG meets S« For s e S, G c G , but £ 1 & because G is 
J ' a — x s x x 

minimal o Hence G o s & as> s e p(m &) sk=> SG c P 
(2) P(M, G) ia dense 

Since M is connected, it is enough to show that P(M, &) is open Take 
e P(M 9 G-) and let S be a slice at x. Recall that SG is a neighbourhood of x 
and every orbit of SG meets S, hence S meets P(M e G) say in y« Put G ~ H and 

consider the action of H on S, i e„ <f>\s x H: SxH -+ S, fos s e S, G c G .:« H 

8 y 

3, »> G g =» H fi0 Hence s e S lies on a principal orbit of the action #|s& x &: 
SG x G ■* SG <«™> s lies on a principal orbit of the action <p\ S x II -* S„ i. 3 e. : 



proper o Then P(!?,G) is an open dense set ia M, whose image in m|g is 



3 H P(S, H) <=> 3 6 p(sg, &) n S Sg E P(S&, G) Vg e & 

(a) In the case dim s | 0, to have that S & x exp"^ (s~x) = (exp'^S) = S 
S x ]0, 1], for some k Sot ? k ? n, where expg -+ M, We have the 
commutative diagram, 

(S k x ]0jl3) x H — > x ]0, 1] 

q x 1 | | 

{( exp =1 S) = 0) x H . > (exp^s) = 

exp x 1 ^ 69 ^ i exp 

(S » x) x H ~— ~> S » x 

where 4>» are the actions induced by and the map q, is "the homeo 

(exp 1 S) - •* £ x ]0, 1] 
As remarked in the proof of Theorem 6 C 2 H acts orthogonally on D, which 

implies the induced action of H on the cylinder x ]0, l] is one of rotation 

k 

about its axis, i c e c H acts orthogonally on S but does not aot on ]0, l] „ 
Ws are saying in fast that 

, «( 0*, 1) 2 (S k x ]0, |)x H-» S k x ]0, 1] , ((s.t) h) ^ (^* o (s,h)t) 
V 3 e S^ s t E ]0, l] , h e H, for some orthogonal action 4> o * : S te x H -» S^, 

The prinoipal orbits of <£* : x H -* are, by tha inductive hypothesis 
dense in S^, for k ^ 0; when k « 0, there is either just the one orbit or the 
isotropy group of both points of S° is H «c> F(S°, H) = S°, in either ease 
Hence the principal orbit s of <jf>* (S k x ]0, 1]) x H -* S k x ]0, l] are dense 
s> the principal orbits of $j (S = x) x H s (S <=■ x) x H -* S - x are dense 
in S = s and hanoe in S *«> P(s&, S) ft S is dense in S (by above) P(M S &} 



Pi S is dense in So Konce S c P(M S G) and so SS c P(M„&)o Thus P(M,G) is open 

(b) In the case dim S * 0, xG has the same dimension as M (since dim S s fl «> 
S •■• {x\»y xG is a neighbourhood in M )„ The map 9s H|& ~» x G c M, Hg ~?-xg 
is a diffeo (Cor ? 4»8) =»> xG is open, by the inverse function theorem. Sines 
the action of <£ is proper, x& is closed' (Theorem 2 a 2}) Thua the connectedness 
of M k»> xG a Mo x& being the only orbit is thus principal,, 
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(3) P(y» &) i& is connected 
Suppose P(M,&)i& «.U U V, where 0, V are disjoint open sets in P(M S G) jG, Then 
P(MjG) * p 1=1 (U) U p^Cv), ^ttere ps M -» llj & is the canonical projection. 
By (2), Ms P(M,G) » P^U) U p =1 (v) ««> 3 x e p =1 <U) A p =i (V), since M is 
connected. 

Let S be a £ice at x . If dira S * 0, it follows from (2)(b) that 
P(M S G)||G is a one point set and is thus connected. So we can suppose dim 
S 4 0, 

From (2), we have that P(S&,&) n S a P(S S H) ; and if p 1 s SG ~* SG|& is the 
canonical projection, the relation p^(sg) =» p^(s) = s &, V s e S, g e G 9 
assures (P(SG,G) f) S) |G = P(s& 9 &)|& Applying Lemma 6,4, we have that 
P(S, IT) i H ** (p(sG, &) H S)|& » P(S& S in particular P(SG - x&,G)|G * 

P(S x, H)fH and we knew that P(S - x, H)|H » (F(S k s H) x ]0 3 1 ) Jh - 
P(3 k 9 H)|H x ]0, }.]„ The inductive hypothesis implies P(s k , H)|H is connected 
which implies P(s& . - sG s &)jG is connected, and se P(SG,&) |G is connected. 
Since P(SS,&) ■> P(M,&) n SG and S& and P(H,G) are neighbourhoods in H, 
P(SG S G)1& is thus a connected neighbourhood of P(x) in Mf&, Now p(x) e TJ n V, 
but P(SG,&)i& c P(M S G)!G » U U V, so P(SG,&)j & lies entirely in U or entirely 
in V *> either U or V is empty. So P(M, G) |g is connectado 

(4) The principal or bits are of th e same type,. 

The proof of (l) ■*•»> each point of p has a neighbourhood, in M, in which 
all the principal orbits are of the same type. Hence the orbits of a given 
type form an open set in M and therefore its image in M|G, and thus in 
P(M, &)|G is open. Thus P(M, G)|& is the disjoint union of open sets, each 
open set being the image i® M|G of the open set in M consisting of points in 
. »• P(Mj^) of a particular orbit type, P(M S ,G)?& connected »■» all but one of these 
disjoint open sets is empty. So all tha principal orbits have the sane type*. 



